
Super - Spacetimes and Suqersymmetr:c field theories

Sonne history
à Mass splitting problem → There aree differenti speci es of partidos which internet

identica /Ig with other particules , and ditter from each
others only in the Mass of the partidos .

→ It is possible to associate the Poincaré group with an isospin

group
in such away that the di event Masses are due to

di event Chargers of the isospin group ?

Em Static quark model → It was discovered a model where the internal 3- flavour

Symmetry group SU (3) and the non - relativistico spin group
SUK ) were non - trivia /ly combined into SU (6) § SU (3) ✗ SUK ) .
( In this way partides diHering by spin Fit into a 56- piet of SU(6) .

It is possible to combine Internal symmetric groups • Ha + À"
,
It'" =#" )

" "

NEIN
(describing interactions ) and the Poincaré group in a

non -Trivial way ? • 5 : #
in

→ Hein , unitary
"

S - matrix
"

I
• U : It'"→ It

" )
, unitary , [ 5,43=0

Exist a consistenti QFT with Symmetry group n

ll (v, ④ . . . ⑦ Nn ) = { n, @ . .
-⑧Uni )④ . . Un

i. 1

6¥ Poinc ( 1
,
3) ✗ B ?

"

( unitary representation of a ) symmetry
"

• Internal Symmetry ⇒ symmetry commuting
with Poincaré group



Coleman - Mandola thm

Coleman
,
Mandola ; Phys .

Rev
.

159 (1967) ]

Let G be a connected Symmetry group of the s - matrix
,
and Iet the following Condition hold :

Ii ) Gcontains a sudgroup local/y isomorphic to Paine (1,3) =P
.

Iii ) All particules types correspond to positive - energy representation of P .

For
any finite MER > , their

are only finite/y Mang particules of Mass tess than M
.

Iiii ) Elastic scattering amplitudes are analyst:c function of the center of mass energy and the scattering
angie , in sone neighbourhood of the Physica ) region .

Civ) For any two one - particle momentum eigenstates Ip, > , la > c- It
" )
,
we have that ( J - 1) / la >☒la > ) #0

except perhaps certa in isolato values of the Center of Mass energy ( p, + %)
'

. (At almost all energy , any
two piane Waves scalter ) .

(n) [Technical assumption on the representation of the generator of G as integral operators in the

Momentum Space ]

Then G is loca /Ig isomorgh :c to the direct product of the internal Symmetry group and P
.

proof : 0mi Hed
,
see paper and Witten 's non - rigorovs Kinematic argument .

Loopholes ta Theorie in 1+1 dimensions admit only foreward and backward scattering ⇒ violation of Iiii)

In Symmetric of the action which are not Captured by the 5-matrix are not considered

by the theorem (e.g. discrete or spontaneouslg broker ones ) .

Em Symmetric descriloed toglie supera/gdoras evade the theorem =D Supersymmetry
↳
Haag , Lopuszanski , Sohnius - Noel . Phys .

B
,
8811975 ) 257



Delignès thin on tengor categorie,↳
further reading : arxiv : math /0401347 and

www.physicsforvms.com/insights/supersymmetrydelignes-theorem
* ⇒ deep motivation for the Study of superSymmetric theoria .

Wigner Classification → Elementary part :< les specie are identifica with irrep of the Symmetry group of

the Theory . Mang particle system are obtained tensoring representation spaces .

Deligne's question Which are the possible Symmetry groups whose irrep behave like elementary partidos ?
I

Tensor cathegoriy e Abel : an Category endowed with tensoringfunctor where objects can de exchanged
! in such away that exchanging twice is the Identity and avery Object has a dual
i. Under tensori ng . Moneover homomeomorphisms loetween Objects form a vector Space .
I

↳ Categorico ! of finite dimensional representation of groups are tensori categorie .

1

:
"→ Under which Conditions a tensori Category is the representation Category of sone group,
and if so

,
of which Kino of group ?

Delignès thm -0 Everly K- linear tensori category is the representation Category of an algebra :c super -group .

↳
Del :gne - Moscow Math

.
Journal 2 (2002) no. 2

Rmk : Coleman - Mandorla thm + Haag - topuszanski-sohn.us only state that superSymmetry is away
to combine Poincaré with internal symmetrics in a non - Trivial way . Delignés thm is

Strangers and Sags that up to very deep modifications of quantum Mechanics, L:c supergroups
describe the host general Symmetric of fundamental physics .



Further readingSuper (il groups .

N'ZEK] Kac - Advances in Math
.

26
, 8- 96 (1977)

[V] Varaalarajan - SuperSymmetry for Matematicians
EQFTS] Del:gne et al . - QFT and Strings

Real L :c supergroup
→ Real Superman :fold G with moltiplicati on and inverse morphisms

% µ : Gxg → G i :C → g

giving group
morph : sms to a and 1 : R

"
→ G defining the unit element, satisfging usual group axioms :

Superman ; fold
Ii) µ o (I ✗µ ) -no (µ ✗I ) ( associativity) ( I identity morphism)

using funutor Iii) no / Ixi) =p • ( i ✗I ) = 1 (inverse)
of points

(iii )µ . (I ✗ 1) =p • ( 1- ✗ I ) = I ( identity )
D↳
Real Superman : fold G such that for any Superman ifold T , Homft, G)

is a group , and for any Superman ifold S and morphism Ti> S ,

the Corresponding Map Hom ( S, G) → Hom (T, G) is a group homomorphism

↳ functor of points T-☐ Hom (t, G) is a functor into the Category of groups

Action s of super Cie groups , sub super groups and stabilizers are defined as in the classica/ case



Example : TR
""
→ Let ( ×

, f) = (×
'

, . . .

,
× ? ①

^

,
. .
.

,
0-9 ) be global coordinate on G

,
then for any

Superman' fold s the set Hom (5,6) is in Iii Correspondence

with the set of vectors ( f. g) = (FI . . ., f? g
'

, . .
.

, 29 ) , the fi ( resp ga)

being even (resp .
odd ) global seotions of the Structure sheaf % .

On Hom ( S, G) we have the additive group Structure

(f, g) + ( fig
' ) = (fxf

'

, gtg
' )

so S → Hom ( 5,6 ) is the group valuedfunctor defining R
" "

as an abeliani

super Lil group .

Example GL ( p / g) → Take the space of dim play -matrices M
" "

-7 R
"& ""

with coordinate Written as

( Y Fg ) A- = (aij ) D= ( das ) even submatrice Kiko
B-- (bip) ( =/caj ) odd suturatrice 154M£ q

Then GLI plq ) is the Open sulomanifold of M"" whose reduced part is

GLIP ) ✗ GLI 9) .

A morphism in Ham ( S, M
"" ) is given by a set of global

even sections aij , da, c- DIS) , , bis , caj e ☐ (5) e- , and such a morphism define

a morphism into GL / pia ) i detta) detto ) e 01s)
# %""

.

The
group

structure of Hom ( S
,
colpita )) is then

given by the usual Matrix

moltiplication and S -☐ Hom (S.GL ( pt 9 )) define GL (Hq ) as a

super Cie group .



Super tie algebra
Superalgebra → Super vector Space A that is an associative algebra with unit such that

moltiplication is a morphism of super vector Spaces A- ⑦ A → A

/ In particular this implies lato / =/ al + tot for a. de A and I. 1 : A →% parity)
↳ A superalgebra is commutativo if

µ o ca
,
a. =p

for
µ

: A-⑦ A → A moltiplicati on and

cyw : Vxow → WXOV commutativi ty isomorphism
, Cyw

: vxow → ( -1)
"""
wv

Le supera /gelava → Super vector Space of with morphism E-
,
- ] : gxog

→ g st .

Ii ) E '

,
- ] • ( 1 + c.

g.g) = 0 Jacobi

(ri ) È
,
È
,

- ] ] . (1+0+62)=0% : g
"
→ gas cydic permutazioni

↳ from the definition Follows immediate /y that

ri ) go is an ordinargli e algebra for [ , . ]

Iii ) g, is a go - Module for the action g. → End /2) ,
ad (a) ( b) =[a. lo ]

a → ad (a)

Iii) E . . ] : g. ☒g,
→go is a symmetric go -Module Map

a lo # [a. lo]

tiro) ltaeg, we have [a, Ea, a] ] = o



☒ Given a superalgebra A we can promoter it to a Lie super algebra defining
Fa, b- ] = No ( 1 - can. ) ( a. b) .

The resulting Lie superalgebra is denoted Al

☒ IF A = V ) the corresponding t.ie superalgebra is denoted End (V ) < E glu )
am For ✗ eg , ad : g → End (g) , ad (X ) (y) -- EX, Y] , Jacobi identity becomes

[ad X
,
ad Y ] = ad EX

,
Y ]

Liesuperalgéora of a super Lie group
Thm [ Thm 7.1.1 . [ V ] ]

the Lie algebra g =L :c (G) of a super tie group ( the set of left/right invariant

Vector fields on f) is spanned by the set of left ( resp . right) invariant vector Fields

✗t.fi?j!-LE. (resp . ✗ = .fi?j!-L.E )E

where [ c. Teco
, µ : 6×6→ G is the moltiplicati on , ✗

I
are the coordinates on the

point on which X
, (resp [ X ) is considered , g

"
are the coordinates at the

Origin ecco
,
and µ

'
( × , g) =µ ( y , × ) .



TI Formulas aborre are very handy for calcio / ations of teff/right invariant

vector fields .
For instance in the case 6=112

" "

we have

( ×
,
-0 ) ( × ', e

'

) = ( ✗ + ✗
'
+00

'

,
-0+-0

'

) and Then /
Lie algebra

e Structure

Left inv . : Dx = dx Dg : - -02 +2g =D [Dx
, Dg ] = ZD,

Right inv i D
,
= )
, Dg = 0-2

,
+ 2g

I



Brief recap about spin representation
and Clifford modules

thm The group 50in , ¢) is Connected
.
The group 50 ( qq.IR) is Connected if

p-0 or 9=0 . Otherwise it has two Connected Components .

Def-le.tv be a finite dim vector Space over a field K of characteristics 0
. A

quadrati form is a function Q : V → K st. ①(×) - F- (×, ×) where € is a

Symmetric bilineare form
.

If I is non - degenerate we say that
Q is

non - degenerated. A quadrati Vector Space is a pair ( HQ ) where V is a

finite dimensional vector space and Q is a non - degenerate quadrati form .

Def The Clifford algebra ( ( V) of a quadratici Vector Space (HQ) is the associative

algebra generated by vectors in V with the relations v' = (v ) . 1 ltvev .

Rink Relations for the Clifford algebra are equivalent to xgi-gx-2-TH.gr ) . 1 .

A

pysicist can safety think of the Clifford algebra as the algebra generated
by Dirac 8-matrice for a vector Space V with metric €

.

Rink The Clifford algebra ((v) is a superalgebra, where an element of (( v) has

grading J (resp 1-) if it is a product of an even (resp . Odd) number of

veetors of V
. Its dimension is zdim (v)

.



Thy [[v9 thm 5.3.3, 5.3.8]
Lat K de algebra :c>Dy closed .

ri ) If din ( V ) = 2m is even
, CIV) ⇐ td ( s) for S super vector space

S.t. dim (5) = 2m
- '

/ zm
-1

.

Iii) If din / V / = 2m +1 is add
,
Then ( (v ) EC ( V )

+

④ center (CN ) ), CIV )" E End / So) ,
Center ( CIV )) ED , where ( (V)

"
is the even part of GV) , 5 . is a 2m- dim

vector Space and D= [ [E] with IEI = t and E' = 1 .

Rink For dimlv ) .-2m , Iet stand 5- be the een and the add part of s

respect .ve/y . Then CIV ) E End ( St) ⑤ End (5) .

constr-l.at T'
+
= {uect

#

/ uvù ' < V } closed L:c subgroup of (
+ ?

Take a : t'
+

→ End ( V ) , ✗ (a) (v ) = un ù
' action of Titan V

.

Since ① ( una" ) - 1 = ( nun
") ? 1 = un' a- ' = (N ) . I we have

a : t'
+
→ 0 ( v ) < End ( V ) , Ker ✗ = K!

It can be prove d that t.ie/C+*)=CI ( superalgebra <
+ with the usual bsraket)

and L :c / Mt) = { neÈ / un - vnev ltvev }
.
Then

da :L :c (Mt ) → So / V ) , da (a) (v) = un- va , Kerala = K
.



It can be proved that we have the following sequence of tie algebras
is exact

da
0 → K → L :c ( Pt) →salv) → o

tloreover da / ✗g) (v ) = 2Mxyv for nell and Mxgesofv) generator
of rotations in the piane spanned by ×,y in V .

Thus defining C' = spari { ✗g-gxel :c ( Pt ) / x.gov} we got that

da : C' È so ( V) is an isomorphism with inverse

8 : Mxy -0 ? ( ✗g- gx)

Rink : Interpretino chi ) as the algebra generated by Dirac 8-matrice
,
the

rank 1 elements in GV ) are exactly the matrice %
,
%
,

. .
.

, %, and

X aborre is the map associating
to each element of the Lorentz algebra

the corresponding generator in the space of Dirac spinors

Mano → IL Illudo -44 )
Nate that the splitting 5=5++05 , c'

-

E End (St ) ④ End (5)

corresponds to the splitting of the Soft, }) action on a Dirac spinor

into tuo conjugated action of sur ) oh 2 Weyl spinors .



thmf.tv] thm 5.4.2]
-

lf dimq ) 73
,

then c
'

is the unique soba
/gelora of Liette) isomorphic

to bon ) , and 8 is the only L :c algebra mag splitting the exact

Sequence o → K → L :c ( Pt) →so (v ) → o

Moreover C' generate C
"

(V) as an associative algebra .

If K = ¢ and G = exp (E) e t'
+
then ( G

,
a) is a double cover

of SO / V ) and Lance G E Spin ( v ) . In this case G is the

Unique Connected subgroup
of P

"

covering 50 ( V ) and is the

Universal cover of 50 ( V ) .

characterization of G

Thin [ tu] thm 5.4.4] % as a sudgroup
of Ct

Letts de the Unique antiautomorphism of the ungraded Clifford algebra (( v )
which is the identity on V

, B : % .

. . .

- Xr ✗r
'

. . . % ,
✗iev .

The map y
: P →È . 1

,
✗ 1-☐ ✗Bix) , is a homomorphisn .

(et

G = q
-' (1) ntt = { ✗ ect

#
/ ✗ V CV

,
✗PK ) = 1} .

If dimmi ) # 2 , Then G is an analytica subg rap of <
+
*

of Line algebra
E and (G. a ) is a double over of 50W ) .

In particular Spin (VIEG .



Prog [[ V] prop 5.4.5] From the complex
Let V arbitraria vector Space over E . to the real casa

Then Spin ( v ) = { ✗ = re .

. . .

- ver / viev, Qivi ) = 1} È

Castro : Consideri V Vector Space over R .
Let Va be its complex ification , and

Iet ✗ '→ ✗
"% be the unique conjugation on ( ( Va ) extending the conjvgation

on Vic whose Fixed points are elements of CN ) . The conjugation commutes

with B and so it Ieaves Spin ( Vg ) invariant
.

We define

spin ( V ) = { ✗ espin (va ) I ✗ = ✗
→ } .

th-mf.tv?thm 5.4.7 ]

(et V be a real quadratie vector Space and Iet spin ( v ) as defore .
If dim ( v ) * 3 Spin ( v ) is the double cover of the Component Sofu )

°

of SOIV )

connected to the identity .

If V - R" ? then Spin ( p, g) Espin ( v ) is character : zed as the Unique double cover of

SO /VÌ when one of p, qsi , and as the unique double cover that is nontnivial over

bath SOIP) and SO (9) when p, 972.



Prog [ [V ] prop 5.4.8]
For p, 90,0 we have

spin / 79 ) = { N, - - - vzaw. . - -

woo / vi.wjev , Qui / = 1,0-1%1=-1}

Summary and furthev comment
•We obtainedanembedd.mg Spin ( v ) -io (

+

.
In particular, we have a bijection

loetween Simple È - modo / es and certan irreale :b/e Spin ( V ) -modo / es . Those are the

spin and semi - spin representations ( for dim V even and add respect.ve/y ) .
• Spin modvlesareirreduc.to/eC+-modvlesfcaHedCliHordmoduIes) .

• The algebra C
"

turns out to be semisimple , and so the restriction of any
C
"
- module to a spin ( v ) -module is a direct sum of spin modo/es . Restrictions

of C
"

- modo/es to Spin ( v) -modo /es are called spinorial modo /es .



Super Poincaré algebra
If we consideri the more general setting of Cie supera /géoras,
which are the restrictions analogovs to the ones introducesse by
Coleman - Mandria thm for ordinarglie algebra ?

µ
Noci. Phys . B, 8811975) ; see also Sohnius - Phgs . Rep . 128 ( 1985)

Haag - Lopuszansk : - sohu.is -☐ The host general L :c supera /gebracontain.mg the Poincaré

group and an internal symmetric group B is generated by
• Pm , Manu generatosi s of Poincaré5=5++05
• Bf (Poincaré ) scalar generator of B } %

, grade Ó
In D= 4 :

→ J f
sur) st . Ii, central generations

[ Pm , Pv ] -0 . 0in
. rankispinors } % grade 1-

[ Pm , Mpo] : i /nlnppr - Mmorpg)
[Mm.MN?=ihrpMnr-nuoMnpE0-ii,MmuI--IIonu1asQii [I Mano ] = -IÈ, (% . )!

-

yup Mur'
-

nono Mvp) [Qia , In ] = [II , Pm ? :O

[Br
,
Bs ] :c :S Be EQI.BR?=Hr)ijQoiEQj,BrI=-Ij(br)i,

[Br , Pit - [ Br, Mm ? - o [ Qia
,
! -1=25" ( onlajspn

[ I-ij.mg/-hingI=o [QÌ
,
II. Zeus E [①È

,Ij ] = - Zei,È



'☒ Neglecting for a manent the generator Brand E- È

the so called super Poincaré algebra .

It is a < ie superalgebra
2
S.t

.

✓

ipad -1( i) go is the ordinarg Poincaré algebra ① Soli, d- 1 )

Iii ) g
"

is a red spinorial Module s for Spinta, d- 1 ) . It can be
reduced into N real spin modules

.

-18 Extended superSymmetry
In Minkowski Signature always exists a Symmetric eqvivariant paving
T : 5×5 → V

, equivariantw.r.to Spinti ) .

We regard S as a go - Module , where V acts trivial/y on S
.
Then

defying [ si , se ] = TLSI , se) ,
si , se ES , we have a

super Lie algebra,

becouse of Es
,
ÌS, s]] = [ s, n ] = 0 .

En If S is a real spin Module
,
P is Unique up to scalars , and the sigh of

the scolari can be choosen so that for se Si {o}

( v, Pisis )) > o YNEV time like

If S - ⑦ Si
,
for si real spin modules , Ti :S;⑦ Si →R positive as Defore

,÷
.

then P : ↳ sj , 2kt, → Ci 1? ( si , ti ) , is positive as nell . Positivity is crucial

to got a positive energy of the physica ' system .



☒ Fixed Ti S ④ S - i> V
,
5 = NÉ si far Si irreduc.to/esp:nmodules ,

we can Choose a basis (Q! ) for S
,
Isis N

,
so that [Qj

, 0%1=5 II pm
In the introduction of the generations By in the Lie algebra

is trivial . Regarding the central chargers Eid
, they aris.es when

the Symmetric part 5×05 conta .us some copie of the trivial

representation , i.e there is a Symmetric painting S S → R
'

for sone c
. Then we can form a new L :c supera / gabra by

add ing R
" to the euen part of the super Poincaré algebra, for

any c' < ci § = V ⑦ R'
"

④ So ( 1, d- e) ⑦ S . This is sa :D a

central extension of the Cie superalgebra .



Super SpaceTimes
Idea =-D The simplerway to make a theory invariant Under a given Symmetry

is to define the Theory over a space whose group of isometrie
contàns such Symmetric ( in this way the action, given by the

Integration of the lagrangiani density over the Whale sqacetime ,
is invariant )

.

Er Consideri the Cie superalgebra È = R
"""

⑤ S obtained from the super

Poincaré algebra removing the So (1,0-1) generatore . It is a superSymmetric
extension of the abeliani Spacetime Translation algebra R

"""

,
but § is not abeliani

since Tto .
However

,
[a
,
[b. CI] = 0 V-a.to

,
c c- § .

The Corresponding super Cie group L = exp /§) is coiled superSpacetime .

Using the BCH formula we got
exp (A) exp (B) = exp / A + B. + È EA , B ] ) VA

, BEOI .

This we can identity L with È and define the group law

A. B = A- + Bt ? FA , B]



☒ From the algebra :c point of view , L could be character:Zed as follows .

Take (Bn ) , ( Fa ) '
oases of R

"""
and S

, respect.ve/g , Then for any Superman : fold

T
,
Hom / T, ng ) can de identifica with ( Bn , Ta ) whene Pm and [

a
are elements

of 01T ) that are even and Odd
, respect.ve/g.-FquivalentlyHomIT

, È ) = ( È ☒ 0ft ) ) , = V ④OCT ) , ⑦ 5 ☒ Ott), .

Clearly Hom ( T, È) is a L :c algebra with the ony non _ trivial

bracket [ s
,
④ Te , se ⑤ Te

, ] = - T ( si , sa ) T, Te

where -4 , Tre 0 ( t), , si , Sees .

We nov take Hom / IL / = Hom (T, È ) and we define a binary Operation
on Horn ( TL ) by A. B = A- + Bt ? FA , B] for all A

,
Be Hom (Igt ) .

The Lie algebra Structure on Hom (T, f) implies that this is a

group low
.



•

tw From the group moltiplication Written in coordinate

we can apply the precious theorem on left/right invariant
Vector fields on supergroups . Using ( ×, ) . ( × '

,
-0
'

) = ( ×
"

,
-0
"

)
"hem

✗
"M

= ✗
M
+ ✗
in
_ % Pasifae" -0

" ? È t -0 ' °

weget
ieftinv .

v7
. Dnidm Da = IBI À an + da

right inv " f. Dm - dm Da = -§ Paio -0
'

2m + da

It follows that ( for bath left/right inv . v.f.)
[Da , Dio ] = Fa? In

thus smoking the identification Pm→ Dm , Qa→ Da we got
a representation of the super L :c algebra È in Terms of

Ieft/right invariant vector fields .

☒ In the extended case S <④ Si
,
the moltiplicati on propety becomes

✗
"^

= ✗
M
+ ✗

' n
- § § Paf paio

"
g-
" ai

= ⑤
ai
+ ⑤

' ai



Outro
Given sone superspacetime M and a bundle F-→M

,
one cald

ask for the analogue of Poincaré invariant field equation s in the super

context. More in general one could be interested in the G - invariant

super differential operators D for a given super Lie group G

and in the Solutions of the eauations D -4=-0 where if is a

global Sector of the Structure sheaf .

This gives an extension of Klein - Gordon and Dirac Operators ,
and Ultimate /

y leads
to the formulati on of the superSymmetric

analogue of class:<al field Theory .

Moreover one could extract from a superfield its Component
Fields Òotaining several Component Fields .

This leads to the

notion of multis /et and to the idea that a superpartite

de fines a multiple of ordinarie partides .

One could also impose superfield equations to the Metric of an

unspecifico Superman ifold olotaining in this way a supergravity theory .
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