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Overview



Graded symmetric tensor algebra

X = @7 X : integer graded vector space
graded symmetry: for

X1, X250y Xn € XX1 A oo A X = €(0, X)Xg(1) N oo A Xo(n)

S(X) =72, S"X : graded symmetric tensor algebra
for {T,} a basis of X, S : space of polynomials in T,



Coproduct

® define the operator: A: S — S®S, by:

A(xi Ao Axp) = 27:_11256(,'7,7,,-)6(0', x)
(Xa(l) A A Xa(i)) ® (XO'(H-I) A A Xa(n))

® examples:
* A(x)=0
°* Alx Axo) =x1 ®@xp + (—1)l%l @ x
i A(X]_ A Xo N X3) =x1® (X2 A X3) + (—1)‘X1HX2‘X2 & (Xl A X3) +
(—1)|X3‘(|X1‘+‘X2‘)X3 (9 (Xl A X2) + (X1 N X2) & X3(—1)‘X2||X3|(X1 A
x3) A xp + (=1)IltbsDbal(x, A xp) @ x



Coproduct

® applying the coproduct twice we have coassiativity:

s— 2% ,s®S

‘/A ‘A@l
SeSs—2%595%5
or equivalently:
(A1D)A=(1eA)A
® Remark on Notation:

(1ef)gel)=(-1)¥(gaf)



Coderivation

® Defineamap D:S — S of odd degree, by:

D(xiA...Axp) = Z'fglilKn[ Xis Xj] AXUNARGA ARG A X

for
X1N...Ax, €S

® examples:
D(Xl /\X2) = [ X1,X2]

D(Xl/\Xg/\X3):[X1,X2] /\X3+[X27X3] /\X1—[X1,X3] A Xo

e then the Jacobi identity is included in: D?> =0



Coderivation

® Combining the coderivation with the coproduct we get the
Co-Leibnitz-property:

s b .5

S ® S IRA+A®L

S®S

® or equivalently:

AD=(1®D+D®1)A



Definition of L..-Algebras

o A [ -Algebra is defined as:

® A Z graded vector space
® equipped with multilinear maps:

bi: X' — X,

of intrinsic degree —1 such that D = ¥X¢°, b; defines a
coderivation, with D2 = 0



Definition of L..-Algebras

® in the lowest orders D is then given by by = 0, by = [.,.] and

b,‘(Xl/\.../\Xj) = de(,-d;;)e(a,x)b,-(xg(l), ...Xo—(j))/\(Xo—("+1)/\.../\Xo—(j))

® D? =0 in the lowest orders is them given by: b? = §? =0,
biby+boby =0 <= I[x1, %] = —[0x1, x2] — (—1)/[x1, Ix2]
and the graded Jacobiator plus its failure :
b? + bybs + bsby =0



Cyclic Ly, and chain complexes

® equipped with an inner product: x: X ® X — R the
Lo-Algebra is called cyclic

® the L,,-Algebra can also be viewed as a homology chain, as
the coderivation is of deg — 1 and nilpotent



Dual of the graded symmetric algebra

consider an L,.-Algebra and basis T, with each element of
degree deg(T,) = |4

then b, can be written in terms of some structure constants
Ca...co Y

bn(Teyy .y Te,) = C2

C1...Cp

Ta

define a dual basis z?, of the space Xx of linear functions on
X, with z2%(Tp) = 63

basis of S(X) given by graded symmetric monomials Ty, ... T},

the dual space S(X)* is then space of power series in z?



Dual of the coproduct

e define the product of two functions f1(z?) and f(z?):
m:5*®S5" — S5
m(fi ® ) = fif
® the duality to the coproduct is given by:
<m(h ®h),x >=< { ® h,A(x) >
® associativity:

(Ah)k = fi(hh) <= m(m®1)=m(l® m)



Dual of the coderivation

® Define a derivation on 5* by:

0
0z2

1
__ §00 a b b
Q= anlmehm’bnz 1.z°n

® duality to D, easily seen by using
<zbhzbn T .. T, >= ”!55)?1"-52:) to show
<Qz%, Te..Tg, >=< 22,22 1 by(Tg,... Te,,) >
® the nilpotency of D thus also implies the nilpotency of Q



Dual of the Leibniz rule

® Qis of degl

® for p1,p2 € §*, Q as a derivation satisfies the Leibniz rule

Q(p1p2) = Q(p1)p2 + (—1)%EP) p; Q(p2)
— Qm=m(R®1+1®Q)



Cylic L, antibrackets and classical master equations

® an L.-Algebra is called cyclic when equipped with an inner
product:
K(x1, (32, X3, - Xn1)) = (1) P2 k(0. by (31, X3, -0y Xng1))

® only non-zero component between spaces X, and X_,11 and
Kab = K(Ta, Tp) = (_1)(a+1)(b+1)’€bav we have Kap = Kpa

® assuming non-degeneracy and with the inverse x?°, the
antibracket can be defined:

of 0
—(_ (degf)(z?) ab 98
(f7g) ( 1) 8 3’% azb

® thus the BV master action can be defined:

1
@ = Zzozlm Cabl.“bnzazbl ...Zb"

® then Q can be written as Q@ = (©,.) and the nilpotency,
containing all Ly, relations, as the classical master equation:

(©,0) =



Link to Field Theories

® assume BV Supermanifold M with fields and anti-fields
providing local (Darboux) coordinates: ®2 = (¢', ¢¥)

® an odd symplectic form is then given by:

1 o
w= EdCD"’ A wapd®? = (1) d¢’ A do?

e thus the antibracket is (with 25 = (—1)2(f+1).00

O f 0g  Of Og

091007 0¢; 04

(f.g)



Link to Field Theories

Q® is a hamiltonian vector field with hamiltonian function ©
the components are given by: Q, = w,,Q? = 9,0

given a solution (of the classical master equation) around
® = 0 the vector field Q can be expanded around it:

[ee) 1 b bn 8
Q(q)) — "Zlmcglmbnq) IQ) @

the master action is then:
IS 1 b1 b
0 = anzﬁCbl...bnq’ )

and the coefficients:

0"©
Chrby = 55,5y [0=0

give structure constants that fulfill generalised Jacobi
identities



Link to Field Theories

with a graded vertor space, isomorphic to the tangent space
of the BV-manifold at ® = 0, with a basis T,, the structure
constants and the two form w we get a cyclicL,.-Algebra

the connection of BV and the algebraic formulation is given
by the replacement ®? — z? and thus Q(®) — Q(z7)

while Q(®) is given on the BV manifold M Q(z) is given on
S*
the brackets of fields can then be defines with ® = $2 T, as:

Bn(®1,..., ®p) = O7L. 0T by( Ty, ..., Te,)



Link to Field Theories

the BV manifold is locally isomorphic to a super vectors pace
v =R

for a function on V/, f = Z,,abl.__bnd>b1...<bb”, consider the map
A nap b, 0 0P X a, 2P 2

then we have Q(z) = AQ(®)A!

A is the map taking the BV structure, like the antibracket,
master equation and the two form to §*



Quantum Master equation

® assuming the functional integral
/ dd? exp L(@)
5 h

e with the gauge function W the antifields are then given by:
gb* = 8¢I

® with A = 88(;, 8¢* the quantum master equation is given by:

(©,0) = 2ihAO



Example: Scalar field theory

e Consider field theory, given by the action

® with the fields and antifields (¢', ¢¥) € R"" the BV structure
is then given by the symplectic form nj’- = 5J’- and the

antibracket:
(f )_ﬁaig_ o f Jg
87 B¢l 07 0t O




Example: A scalar field theory

master action and the corresponding homologous vector field

are given by:
1 . :
©=2 21 Ajpooju -

Q zk 1k| ’Jl Jk¢] (b] 8¢*’

as there are no gauge symmetries the L, the is on Xo & X_1,
with Basis elements T; and T*

we can get to the coalgebra picture by considering the
equations of motion:

85 i . 1 . .
@ = AUQZSJ + zk:2ﬂAiJ’1~Jk¢yl"'¢jk =0

the nonzero brackets are given by:

bn(Tiy, ooy tiy) = Aipinines T



Example: A scalar field theory

® we can also get to the algebra picture by ¢ — (, with a dual

basis z? = (¢', ¢7):

oo 1
©= Zk:Z PA Jl ch CJk

Q Zk 1 klAijlmjkCJ CJk 8¢*
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