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Abstract

Using classical surface geometry, in this thesis the Blaschke conjecture for
wiedersehen surfaces and a theorem of E. Hopf about surfaces without con-
jugate points are proven.

Mittels klassischer Flachentheorie werden in dieser Abschlussarbeit die Blaschke
Vermutung fiir Wiedersehensflachen und ein Theorem von E. Hopf iiber Flachen
ohne konjugierte Punkte bewiesen.
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Chapter 1

Introduction

A wiedersehen surface is a connected two-dimensional Riemannian manifold
such that every point has exactly one conjugate point. The round sphere S? is
a wiedersehen surface, for every point has exactly one conjugate point, namely
the antipodal point. Imagine two unit-speed geodesics starting at a point p. If
we follow these two geodesics, they will meet again at the antipodal point of p
at time 7.

N

S

Figure 1.1: The red lines are the geodesics starting at the north pole N. They
meet again at the south pole S.

The same geometric property holds for wiedersehen surfaces: There exists a
time a > 0 such that any two unit speed geodesics starting at a common point p
will meet again after time a at the conjugate point of p. This behaviour explains
the name ”wiedersehen”. It is astonishing that the time «a is independent of the
chosen starting point p and the two geodesics. This property is by no means
obvious from the definition. A priori the following could happen:

e There are two unit speed geodesics (the red and black one in figure [2.1)
starting at the point p and meeting again at the conjugate point Con(p)
of p after different times.



e There exists a geodesic (the blue one in figure [2.1]) starting at p that
doesn’t even hit Con(p).

Figure 1.2: Behaviour on a wiedersehen manifold that could happen a priori but
doesn’t. The red, black and blue line illustrate unit speed geodesics starting at
the point p. The red and black geodesics hit the point Con(p) after different
times. The blue geodesic doesn’t hit Con(p).

It is then a natural question to ask how many different wiedersehen surfaces
there are up to isometry. In 1921 Blaschke conjectured in the first edition of his
”Vorlesungen iiber Differentialgeometrie” that every wiedersehen surface in R?
is isometric to the round sphere. If we look at the conjecture in the abstract
setting of Riemannian surfaces, we see that the real projective plane, equipped
with the canonical metric is a wiedersehen surface as well. On this surface a
point is only conjugate to itself and every unit speed geodesic starting at a point
comes back after time .

Figure 1.3: We consider the real projective plane as the quotient of the sphere
under the antipodal map. The red and blue lines are geodesics starting at the
north pole N. After time 7 they meet there again.

More than 40 years after Blaschke published this conjecture, Green proved



that the sphere and real projective plane are in fact the only wiedersehen sur-
faces, i.e.

Blaschke Conjecture 1.1. A wiedersehen surface is isometric to the round
sphere or the real projective plane (with positive multiples of the canonical Rie-
mannian metric).

In order to do this, Green integrated over the unit tangent bundle, a tech-
nique used earlier by E. Hopf to prove the following

Theorem 1.2. The total curvature of a Riemannian surface without conjugate
points is non-positive. If it equals zero, then the Gaussian curvature vanishes.

In this thesis we will give proofs of the Blaschke conjecture and the theorem
of Hopf. They both have the common idea of integrating some equality (or
inequality) over the unit tangent bundle. Hence chapter [2] is devoted to the
geometry of the tangent bundle. We consider the concept of densities on a
manifold to be able to integrate over nonorientable manifolds and provide tools
from integration theory. We introduce a natural metric, called the Sasaki metric,
on the total space of the tangent bundle and the unit tangent bundle and show
that the geodesic flow is volume preserving.

In chapter [3] we present geometric properties of wiedersehen manifolds. We
will see that every two unit speed geodesics starting at the same point will meet
again after some time a, which is independent of the starting point and the
geodesics. The main result of this chapter is that simply connected wiedersehen
manifolds are diffeomorphic to the sphere, the injectivity radius and diameter
are both equal to a and all geodesics are periodic with period 2a.

In chapter [] we prove the Blaschke conjecture for wiedersehen surfaces.
Firstly, we use convering space theory to reduce to the simply connected case.
The key for the Blaschke conjecture is then to prove the following theorem.

Theorem 1.3. Let (M, g) be a closed Riemannian surface and let there be a
time a > 0 such that along all unit speed geodesics no conjugate point appears

before time a. Then

wol(M) > 2y (01)

M)

and equality holds if and only if the sectional curvature is constant K = 5

a2’
Here x(M) denotes the Euler characteristic of M.

Motivated by this characterization for a Riemannian surface having constant
Gaussian curvature, we are then interested in the volume of simply connected
wiedersehen surfaces. Using a formula of Santalo we will then show that for a
wiedersehen surface the above inequality is indeed an equality.

Chapter [2 enables us to derive theorem [I.2]in chapter



Chapter 2

Geometry of Tangent and
Cotangent Bundle

In this chapter we mainly follow Ballmann [3]. Here we provide the technical
tools needed for the proofs of the Blaschke conjecture and the theorem of Hopf.

2.1 Splitting of the Double Tangent Bundle

Let M be a smooth m-dimensional manifold and V a connection on M. We
have the projection 7 : TM — M. Let F': N — M be a smooth map between
smooth manifolds. We denote by ¥'V the pullback connection of V under F. We
write 7V for the torsion of £'V. For definitions see [4] and [5]. The differential
of F will be denoted by F.

Definition 2.1. Define the connection map C : TTM — TM as follows: Let
veTM and Z € T,TM. Now take any smooth curve V : (—e,e) = TM in the

tangent bundle such that V(0) = v and d‘git) lt=0 = Z. We define

C(Z) :="YVs,V(0).

For C to be well defined one has to show that it is independent of the choice
of such a V.

Proposition 2.2. Let (z,U) be local coordinates on M and (x,y) the in-
duced local coordinates on T M. These coordinates itself induce local coordinates
(z,y,2z,w) on TTM. In these coordinates we have:

(2, Y, 2,w) = (2, 2) and O(z,y, 2,w) = (z,w’ + 2 y*w), (z))
where w denotes the matrix of connection forms. In particular C is well defined.

Proof. Let V denote a curve in T'M such that V(0) = (z,y, z,w). In coordinates
we have V(s) = (x(s),y(s)) and V = (x,y,z,y). We obtain



o2,y z,w) =m0V = L2 (2(0),#(0) = (x, 2).

For C we calculate
Vo,V ="Vouy'di =50 +y'("Vo,(0; 0 x)) = §'0; + 4"V 1.0k
= §'0; +y*i' Vo, 0, = (i + yFiTwiy(2))0;.
Therefore, we obtain
C(x,y, z,w) = C(V(0)) = ™V'V,,V(0)
= (2,9 + 4w (2)) =0 = (2, 0" + y* 2wl (2)).

Since the coordinate expression of C is independent of the chosen curve V in
TM, C is well defined. C is smooth because it is smooth in coordinates. O

Corollary 2.3. We have the following properties.

1. H = kerC and V = kerm, are m-dimensional subbundles of TTM —
TM.

2. TTM = HPV.

3. For each v € TM 7 : Hy — TryM and C : Vy, — Tr, )M are isomor-
phims.

Proof. 1. We apply the local frame criterion for subbundles of [I, Thm. 10.32].
We choose coordinates around x € M as in proposition and obtain for
(z,y) e TM

(kerﬂ'*)(w,y) = {(x,y, Oa w)|w € Rn}

and

(kerC)(a,y) = {(@, y, 2, =2y Wiy (2))]z € R"}
In these coordinates the smooth local sections

(xvyaoaei)v (33’%75’ _ykwék(l')), 1€ {1, ,m}

form a basis of Vi, ,, H(
in R™.
2. Since dimH ;) = dimV(, ) = m it suffices to show

7-[(3571!) N V(lvy) = {(l‘, Y, 07 0)}

z,y), respectively. Here e; denotes the i-th unit vector

For (z,y, z,w) € H(zy) N V(z,y) We have z=0 and thus w=0.
3. C and m, are linear by proposition 2.2 and isomorphisms since

H(x’y) N V(I’y) = {(x? Y, 07 O)}



Remark 2.4. H and V are called horizontal and vertical distribution. Since the
double tangent bundle TT'M splits we write for each Z € TT M

Z=(X)Y),

where X =, (Z) and Y = C(2).

Vo

Figure 2.1: The splitting of the double tangent bundle.

Corollary 2.5. Let v € TM and p = n(v).

1. A parallel vector field V' along a curve 7y : (—¢,€) — M with v(0) = p and
4(0) = X satisfies V(0) = (X,0).

2. The curve V : (—e,¢) — T,M,V(s) = v+sY satisfies V(0) = (0,Y) where
Y € T,M.

Proof. We compute

7.V (0) =4(0) = X and C(V(0)) ="V, V(0) =0

for 1. and
. d Vit d .
’ﬂ'*V(O) = M = £ = 0 and C(V(O)) — ’Yvat (U +tY)t:0 — Y
dt [t=0  dt |t=0
for 2. O

Notation 2.6. Let M be a smooth manifold, V a connection on M, p € M and
v € T,M. We denote by v, : I, = M the unique maximal geodesic such that
0 € I,,7(0) = p and 7,(0) = v. We write ® : G — T'M for the geodesic flow.
Here G denotes the subset of R x T'M, where @ is defined. The vector field on
TM associated to the geodesic flow will be denoted by G.

Proposition 2.7. Let v € TM. Then G(v) = (v,0).



Proof. We compute

d®t(v) dm o ®t(v) )
_ 000 — — LA =
.0 G(v) =T, 0Go®°(v) =, & o o o ~,(0) = v and
t
CoGw)=CoGod(v) :C(dq)dt(”) ) =""Vy =0.
=0
O

Lemma 2.8. Let F: N — M be smooth. Then F*(7V) =77,
Proof. See [5l, Satz 4.12] for more details. O

Proposition 2.9. Let V : (—¢,¢) — T'M be a smooth curve in T'M with V(0) =
v, V(0) = (X,Y) and t € I,. We consider the variation I'(s,t) = vy (s (t) with
Jacobi field J(t) = 0;'(0,t). Then the differential of the geodesic flow is given
by

LUX,Y) = (J(t), " Vo, J(t) + 7V (J(£), 70 (1))).
Proof. We compute

TPV (0) = %‘S:O(@W(s)) = 9,T(0,t) = J(t)

and using lemma [2.8] we obtain

L @V = O aT(s.0) = (V5,000
= ("V5,0sT)(0,1) + 7 ¥ (8, 0:)(0,8) = V5, J (t) + T*(77)(Ds, )

="V, J(t) + 7V (I (t),7,(0)).

LV (0) = C(—
CoLV(0) C(dS\Szo

2.2 Symplectic Geometry

In this section we assemble some basic facts about symplectic manifolds follow-
ing [IJ.

Definition 2.10. Let V be a finite-dimensional vector space and w an alternat-
ing covariant 2-tensor on V. w is called nondegenerate or symplectic if for
each nonzero v € V, there exists w € V' such that w(v,w) # 0.

Definition 2.11. Let M be a smooth manifold. A nondegenerate 2-form w on M
is a 2-form such that wy is nondegenerate for each p € M. A symplectic form
on M is a closed nondegenerate 2-form. A tuple (M,w) is called a symplectic
manifold if w is a symplectic form on M.



On the total space of the cotangent bundle 7 : T*M — M there is a canonical
symplectic form w. Let (g, ¢) denote a point in T*M. The pointwise pullback

of 7 is denoted by 7’72‘%@ Ty M — T(*q7¢)T*M. The tautological 1-form

A € QYT*M) is defined by Na,¢) = ﬁqu_dj)gzﬁ. That is Aig,¢)(v) = O(Tu(q,6)(V))
for v € Tig,)T*M. '

Proposition 2.12. Let M a smooth manifold. Then the 2-form w € Q?(T*M)

defined by w = —d\ is symplectic. w is called the canonical symplectic form
on T*M.
Proof. See [1, Thm 22.11]. O

Definition 2.13. Let (M, w) be a symplectic manifold. For any smooth function
f € C®(M) we define the Hamiltonian vector field of f to be the unique
vector field Xy on M that satisfies 1x,w = df.

A smooth vector field X on M is called symplectic if w is invariant under the
flow of X, i.e. Pjw = w. X is called Hamiltonian if there exists a function
f € C>®(M) such that X = Xy. It is called locally Hamiltonian if each
p € M has a neighborhood on which X is Hamiltonian.

Proposition 2.14. Let (M,w) be a symplectic manifold. A smooth vector field
on M is symplectic if and only if it is locally Hamiltonian.

Proof. See [1l, Prop.22.17]. O

2.3 Legendre-Transformation

In this section we assume (M, g) to be a semi-Riemannian manifold.

Definition 2.15. The bundle-isomorphism L : TM — T*M defined by L(v)(w) =
g(v,w) is called Legendre-Transformation.

We now use the Legendre-Transformation to transport the canonical sym-
plectic structure of the cotangent bundle to the tangent bundle.

Definition 2.16. We denote by L* : T*T*M — T*TM the pullback of L and
define Ay : TM — T*TM by \g(v) = L*AL(v).

Proposition 2.17. A\, € QY (TM). For eachv € TM and Z € T,TM we have
(Ag),(2) = g(v, 7. Z).
Proof. We calculate
(g)y = LAL() = L5 0 7o (L) = (7 0 L) (L(0)) = 7 (L(v)) = g(v, 7).
Inserting Z we obtain the assertion. O

From now on we assume V to be a metric connection on M.

10



Lemma 2.18. Let M be a smooth manifold, p € M, Zy,Zy € T,M. Then there
is aV :(—¢€ €)% — M such that

V(0,0) = p, 0,V (0,0) = Z; and 8;V(0,0) = Z,.
For any 1-form n on M we have
dn(agV, &V) = 8977(8tV) — 5‘t17(3gV)

Proof. This is a local question. Choose coordinates (U, ¢) around p and define
V(s,t) := ¢~ (s¢s pZ1 + ts pZ2). The second statement can be checked by a
computation in coordinates. O

Proposition 2.19. The 2-form wy := —dAy on T'M satisfies
wy(Z1, Z2) = g(X1,Y2) — g(V1, X2) — g(v, 7 (X1, X2))
for each v € TM and Zy = (X1,Y1),Z2 = (X2,Y2) € T,TM.

Proof. Replace in lemma M,p,n by TM,v, Ay, respectively. We obtain a
V : (—€,€)? — TM such that V(0,0) = v,0:V(0,0) = Z; and 9,V (0,0) = Zo
and writing I' = 7o V we get:
dAg(0sV, 0, V)

= 58)\9((9,5‘/) - &g)\g(asV)

= 0s9(V,0¢(m o V)) — 0ig(V,0s(m 0 V)) (12.17)

=9("Va,V.0T) + g(V," V5,0T) — g(" Vo, V,0,) — g(V." V5,0,T)

= g("Vo,V,0T) — g("Vo,V,0.T) + g(V,"Vp, 0T — 'Vy,0.T)

=9("Vo,V.0) —9("Vo, V.0.) + g(V.7 ¥ (0:.01))

=9("Va,V,0,L) — g("Vo,V,0,T) + g(V, 7V (9,T, ,T). (2-8)

g
g

Evaluating at (s,t) = (0,0) we obtain the formula for wy. O
Corollary 2.20. Let V be a metric connection. Then wg is symplectic.

Proof. We need to show the nondegeneracy of (w,), for each v € TM. Write
Zy = (X1,Y1) and assume w,(Z1, Z2) = 0 for all Z; = (X»,Ys) € T,TM. This
implies

9(X1,Y2) — g(Y1, X3) — g(v, 7 (X1, X2)) =0

for all Xo,Ys € Tr(,yM. If we choose X3 = 0 we obtain
9(X1,Y2) = 0,VYs € Ty M
and since g is nondegenerate we infer X; = 0. Hence
—9(Y1, X2) = 0,VXy € Ty M

and again the nondegeneracy of g implies Y7 = 0. O

11



2.4 Densities and Integration on Riemannian Man-
ifolds

In the next chapters we want to integrate on Riemannian manifolds that are
not necessarily orientable. To do this, we introduce the concept of densities on
a manifold. Firstly we define densities on a vector space to be the objects that
transform in the right way. In our discussion we follow [IJ.

Definition 2.21. Let V be an m-dimensional vector space. A function p :
Vx---xV — R is called a density if for every linear map T : V — V and
—_——

m times
V1,...,0m €V we have

w(Toy, ..., Toy) = |detT|p(vy, ..« s V).

The next proposition summarizes some basic properties of densities.
Proposition 2.22. Let V be an m-dimensional vector space. Then

1. The set D(V') of densities on 'V is a vector space.

2. Two densities on V agreeing on a basis are equal.

3. If w e A™(V*) is an alternating covariant tensor, then the map

lw] : V x-- xV =R |w|(v1, -+, Um) = |w(v1,. .., Um)]
s a density.

4. D(V) is 1-dimensional.
Proof. See [Il, Proposition 16.35]. O

We now turn to the case of manifolds.

Definition 2.23. If M is a smooth m-dimensional manifold, then a map

p:M—DM):= [] DT,M) with p, € D(T,M)
pEM

is called a density on M. D(M) is called the density bundle of M.

Proposition 2.24. If M is a smooth manifold, its density bundle is a smooth
line bundle.

Proof. See [Il, Proposition 16.36]. O
As for differential forms we can define the pullback of a smooth map.

Definition 2.25. Let ' : M — N be a smooth map between m-dimensional
manifolds. We define the pullback by

F*:D(N) = D(M), (F*11)p(v1, s Un) 1= prpp) (Fapv1, ooy Faptp).

12



Proposition 2.26. Let G: P — M and F : M — N be smooth maps between
m-dimensional manifolds and v a density on N. Then

1. For functions f: N - R, F*(fu) = (f o F)F*p.

2. If w is an n-form on N, then F*|lw| = |F*w|.

3. If p is smooth, then F*u is a smooth density on M.
4. (FoG)*n=G*o F*p.

Let us turn toward integration of densities.

Definition 2.27. Let U be an open subset of R™ and p a density on U. We
call p integrable if the unique function f : U — R with u = fldx* A --- A dz™)|
is integrable. We call a compactly supported density pn on a manifold integrable
if for all charts (U, ) on M the density (¢p—1)*u is integrable.

Proposition 2.28. Let F' : M — N be a smooth map between n-manifolds,
(U; (29), (V, (y")) charts on M, N respectively. Then for each function f :V —
R

F*(fldy* A---ANdy™|) = f o F|detDF||dz* A --- Adx™| on UNEF~1(V),

where DF' is the matrix of partial derivatives of F' in these coordinates.

Proof. See [1l, Proposition 16.40]. O

Here we see quite nicely why densities are the right objects to integrate on a
manifold. The transformation of densities under a change of coordinates involves
the absolute value of the Jacobian determinant, exactly as the transformation
rule for integration. If U C R™ is an open set and p a compactly supported
density on U with p = f|dz! A --- A dxz™| such that f is Lebesque integrable on
U we define the integral of pu over U by

/Uu:/deaa

where the right side is the Lebesque integral in R™.
Proposition 2.29. Let U, f,u be as above, V.C R™ open and F : V — U a

diffeomorphism. Then
[ [
U 1%

Proof. By the preceding proposition and the transformation rule we obtain
/ F*u= / (f o BYF*(|dz' A--- A dx™))
\% 1%

= / (f o F)|detDF||dz* A --- A dx™|
.

:/f|d;v1/\~-~/\dxm|:/u.
U U

13



Now let p be a Lebesque integrable density on M with compact support in
some chart (U, ¢) . We define the integral of p over M by

/M pi= /(b(U)(Qsl)*M-

This is well defined by the preceding proposition. Now we turn to the general
case, where suppu is not necessarily contained in a single chart. Let u be a
Lebesque integrable density on M with compact support. Let {U;} be finitely
many charts covering suppy and {¢;} a subordinate smooth partition of unity.
We define the integral of p over M by

/]\/I a ;/M vt

This is well defined. To see this we choose a different finite cover {V;} and
subordinate smooth partition of unity {p;}. Then

;/Mww;/M;mw:;;/]ijw
:;/M;pmm:;/jiju.

Proposition 2.30. Let M, N be smooth n-manifolds and p,n compactly sup-
ported integrable densities on M.

/au—l—bn:a/ u+b/ 7.
M M M

2. If F: N — M s a diffeomorphism, then [, = [y F*p.

1. For all a,b e R:

Proposition 2.31. Let (M,g) be a Riemannian manifold. There is a unique
smooth positive density pg (or sometimes we denote it by par), called the Rie-
mannian density, on M such that

I’Lg(Eh 7Em) =1
for each orthonormal frame (Ex, ..., Ey,).
Proof. See [Il, Proposition 16.45]. O

Proposition 2.32. Let (M, g) be a Riemannian manifold and (U; (x%)) a chart.
Then the Riemannian density pg is given by

g = +/det(gij)|dzt A+ Adz™|.

14



Proof. Since pi4 is positive, there exists a positive function f € C°°(M) with
pg = fldzt A--- Adz™|. Let p € M, and (E;) be a smooth orthonormal frame
around p. Denote by (E;) its dual coframe. If we write 52; = A’ E;, then

0 0 . .1, 0 9 |
f—,ug($77%7m) - ‘El /\/\Em|(ﬁa7ax7m> = ‘d@t(A)‘

If we compute the metric in the coordinate frame, we get

gij = g(AFE,, ALE) = AF A%

k

and hence

det(g;j) = det(AT A) = det(A)>.
Thus f = |det(A)| = /det(gi;). O

Let (M,g) be a Riemannian manifold. We call a function f : M — R
integrable if fu, is integrable. If such a f is compactly supported, we define

the integral of f to be
/ o
M

Proposition 2.33. Let (M,g) be an oriented Riemannian manifold and f :
M — R a continuous compactly supported function. Then

g = |volgy] and/ fiig :/ foolg,
M M

where vol, denotes the Riemannian volume form on (M, g).

Proof. Let (E;) be a orthonormal basis of T,M. Then
,LLg(Ela cee ,Em) =1= |U0lg(Ela RS Em)|

Since densities that agree on some basis are equal, p, = |vol,|.
Without loss of generality we can assume that the support of f is contained
in a positively oriented chart (U, ¢). Then

IR /¢ 7 ) = L XS NETNEE | sty

O

Because of the last proposition it doesn’t matter in the orientable case,
whether we integrate a function against the Riemannian density or against the
Riemannian volume form. Now we are able to provide the theorems of integra-
tion theory, specialized to Riemannian manifolds.

15



Proposition 2.34. (Fubini) Let F : (M, g) — (N, h) be a Riemannian submer-
sion and f: M — R an integrable function with compact support in M. Then
the function

FiNoRam [ furg
F~1(q)

/M Tig = /N/Fl(q) Frp=1(q1n ().

Proof. See [15, Theorem 5.6]. O

18 integrable and

Proposition 2.35. Let g.ux denote the Fuclidean metric on R™. If A: R"™ —
R"™ is an endomorphism, then

1 1
Ztr(A) = —— cur (Av, 0)00Lgn 1.
n r(4) vol(Sn—1) /Snflg k(Av, v)volgn—

Proof. Let ¢ : S"~' — R" denote the inclusion, A = (a;;). For i # j we consider
the map

¢ij : R" = R", (a2t a™) s (22t =t ),

which restricts to a map

d)ij = ¢ij oL Sn71 — Snil.
The latter is an isometry since

* * % * L% *
¢1'ng"*1 = ¢ijL Jeuk = L ¢i7jgeuk =l Geuk = gsn—1.

Thus

/ z'rIvolgn :/ o (z'wIvolgn—1) = —/ z'alvolgn = 0.
Sn—1 Sn—1 Sn—1

On the other hand for all i =1,...,n

n/ (%) ?volgn-—1 = Z/ (x%)%volgn—1 = vol (S™1).
snt i=1/5"!

Using the last two equalities we compute

n
/ Jeuk (Az, T)volgn-1 = E / a;; 'z’ volgn-1
S‘n,—l 7“‘]:1 Sn—l

n
= E / aii(z%)?volgn—1
i=1/5"7"

1 1
= il l n—1 = —t A l n—1 .
;:1 aii V0 (8" - r(A)vol(S"™)

16



In the transformation rule for integrals of functions in R™ the norm of the
Jacobian determinant is involved. On the other hand, if we consider a smooth
map F : M — N between m-dimensional manifolds, there is no meaningful way
to define the determinant of F : T)M — T, N. But if we require M and N
to be Riemannian manifolds, we can make the following definition.

Definition 2.36. Let (M,g) and (N,h) be Riemannian m-manifolds and v :
M — N a smooth map. We define the Jacobian of ¢ as the smooth function
[« : M — [0,00) that satisfies

Y = |P]spig-

Proposition 2.37. (transformation rule) Let (M, g) and (N, h) be Riemannian
manifolds and v : M — N a diffeomorphism. If f : N — R is integrable and
compactly supported in N, then

/ fuh:/ (F © )bl etto-
$(M) M

Proof. This follows from

*(fun) = (f o)™ pun = (f o))ty
and Proposition [2.30] O

The following proposition shows how the Jacobian of a map % can be calcu-
lated if the differential ¢, is known.

Proposition 2.38. Let (M, g), (N, h) be m-dimensional Riemannian manifolds
and ¢ : M — N a smooth map. Let p € M and (b1,...,by,) be a basis of TyM.

Then we have o bosb]
[ hapbi A e A by,
[¥-(p) = b1 A oo A by

)

where [by A ... A by, | == |det(g(bs, b;))]2 .

Proof. By definition

[ (Papbis - o Yupbm) = |01 (P)ptg (b1, -+ o)

If 9. is no isomorphism, then the left hand side of the above equation is equal
to zero. Since pg(b1,...,bn) # 0, we must have |¢|.(p) = 0. On the other
hand, (¢.pb;) is linearly dependent, thus |[1.pb1 A ... A Yupbm| = 0.

If 1.p is an isomorphism, then the same argument as in proposition shows

,Ufg(blv cee »bm) = det(g(bia bj))7 /ffh('l/)*pbla t 7w*pbm) = \/det(g('l/)*pbh L/J*pbg))

O
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Proposition 2.39. Let 7 : M — M be a smooth k-sheeted covering map and
1 an integrable density on M. Then

/~ﬂ'*u:k~/ 78
M M

Proof. Let {(Ua, )} be a finite cover of charts of suppu, where the U, are
evenly covered neighborhoods with

k
[Vei=7"(Ua).
=1

Let {1)a} be a smooth partition of unity subordinate to {Ua}. Then {7}y, va}
is a smooth partition of unity subordinate to {Ua,;} and {(Ua,i, 7] da)} is a
finite cover of charts of supp(m*u). Therefore

/M = Z /U it Yo H = Z /U i (et
_;/Ua(ﬁ]aﬂ)_k'/M,u.

O

Proposition 2.40. Let F': (M, g) — (N,h) be a local isometry between Rie-
mannian manifolds. Then

F*up = pg.

Proof. Let (E;) be an orthonormal frame around p € M. Then (F,FE;) is an
orthonormal frame around F'(p) € N. Hence

F*,uh(Elv e aEm) - N’h(F*Ela T 7F*Em) =1= /ufg(Elv e aEm)
By uniqueness of the Riemannian density, F™* i, = pg. O

Now let (M, g) be a non-orientable Riemannian manifold. We want to show
that the Gauss-Bonnet theorem holds in the non-orientable case as well. To
see this, we use the orientation covering 7 : M — M of M. Properties of the
orientation covering can be found in [I]. We just need the following two facts:

e 7 is a smooth 2-sheeted covering map and
e M is orientable.

Proposition 2.41. Let (M, g) be a closed (not necessary orientable) Rieman-
nian manifold. Then

/ Kpg = 2mx(M),
M

where x(M) is the Euler characteristic of M.

18



Proof. We only have to consider the non-orientable case. We use the orientation
covering  : M — M to pull the metric g back to a Riemannian metric 7*g
on M. Then the Gauss-Bonnet theorem for the closed oriented Riemannian
manifold (M,7*g) implies

 Kvolyg = 21mx(M) = dmx(M).
M

By propositions and

/f(uolﬂ*gz/ W*Kuﬂ*g:/ W*Kﬁ*ugz/ w*(Kug):Q/ Kpug,
M M M M M

which proves the asserted equality. O

2.5 The Sasaki Metric

Let (M, g) be a semi-Riemannian manifold and V the Levi-Civita connection.
In this section we endow the total space of the tangent bundle with a natural
metric. In section 2:I] we saw that for v € TM the fiber T,TM is isomorphic to
the direct sum of two copies of T (,)M. This enables us to use the metric g to
define a metric on T'M.

Definition 2.42. The Sasaki metric is the semi-Riemannian metric g° on
TM defined by

95(Z1, Z2) = gn(o) (X1, X2) + gr(o) (Y1, Y2),
for Zy = (X1,Y1), Zy = (X3, Ya) € T,T M.
Proposition 2.43. Letv € T,M.
1. The Sasaki metric is a semi-Riemannian metric.
2. HLV.
3. e, C : Hy = T, M are orthogonal transformations.
4. ©:(TM,g°%) — (M, g) is a semi-Riemannian submersion.

Proof. 2),3) are clear from the definition. For 4) we note that 7 is a submer-
sion, for each p € M the fiber 771 (p) = T,M is a semi-Riemannian subman-
ifold of TM and for each v € T,M,Z; = (X1,0),Zy = (X2,0) € H, we have
95 (Z1,Z2) = gp(muZ1, 7 Za) + 0. O

We now want to investigate how volume on the tangent bundle changes
under the geodesic flow. We will show that the geodesic flow preserves volume.

Proposition 2.44. Let (M, g) be a Riemannian manifold.
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1. The symplectic form w, and the density pgzs on TM are related by

|wg A ANwy | =mlpgs.
—_———

m times

2. The geodesic flow ® is Hamiltonian (i.e. ® = ®x, ) with Hamiltonian

1
h:TM — R,h(v) = 3 9n(v) (v,v).

3. The geodesic flow is symplectic, i.e. (P')*w, = wy.
4. The geodesic flow preserves figs.

Proof. 1. Let v € T,M for some p € M. Choose an orthonormal basis
(e1,--- ,em) of (I,M,g,). Define Z; = (e;,0) and Z;1,, = (0,¢;) for i =
1,...,m. (Zi,..., Zam) is an orthonormal basis of (T, TM, g>). Forj € {1,...,m}
proposition [2.19 implies

0, ifk#£j+m

“ol 2 Zr) = {1 k=j+m

Thus, when we denote by (Z;) the dual basis of (Z;) we have

m
we=Y_ZI NZfim
i=1
and therefore

wt=ml > (ZEANZE ) N ANZENZE )
1<ig - <im<m

= m'(Zik A Zik+m) ARERNA (Z:n A Z:n+m)
Hence |wy'| = 1.
2. Using proposition it remains to show that X,(v) = (v,0). First, we
compute grad(h). Let V : (—e,e) — TM such that V(0) = v,V(0) = Z €
T, TM.

9(Cgrad(h(v)), CZ) + g(m.grad(h(v)), 7.Z) = ¢°(grad(h(v)), V(0))

= d,hV(0) = %n:o(h o V(1)) = %‘ :O%g(V(t)» V(t))
= g(ﬂovvatv(o)a V(O)) = g(C’Z, U) = g(v, CZ)

First choosing Z = (X, 0) the nondegeneracy of g implies m.grad(h(v)) = 0 and
inserting Z = (0,Y) we obtain Cgrad(h(v)) = v. Together we get

grad(h(v)) = (0,v).
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Finally proposition [2.19] implies
9(mXp, CZ) — g(CXp, 1 Z) = wy(Xn, Z) = dyhZ = g(v,CZ).

Choosing Z as above and again using the nondegeneracy of g we obtain X (v) =
(v,0).

3. Hamiltonian flows are symplectic, see [T, 22.17].

4. By 1. and 3. O

Definition 2.45. Let (M,g) be a Riemannian manifold. We define the unit
tangent bundle to be the subset SM C TM given by

SM = {(p,v) € TM|gp(v,v) = 1}.
We denote by v : SM — T M the inclusion.
Proposition 2.46. Let (M,g) be a Riemannian manifold. Then
1. SM is a smooth codimension-1 submanifold of TM .
2. M is connected iff SM is connected.
8. M is compact iff SM is compact.
Proof. See [2, Prop 2.9]. O

We can thus pull back the Sasaki metric via ¢« : SM — TM. Then ggps :=
t*¢g% is a Riemannian metric on the unit tangent bundle SM. Since every
geodesic has constant speed the geodesic flow ®¢ : TM — TM restricts to a
smooth map ®' : SM — SM (where it is defined). The geodesic flow is also
volume preserving if it is restricted to the unit tangent bundle. This is the
content of the following lemma.

Lemma 2.47. Let (M, g) be a Riemannian manifold.

1. For each p € M,v € S, M the tangent space of the unit tangent bundle at
v is given by: T,SM = {(X,Y)|X,Y e T,Mand Y L v}.

2. We have [t*Ag A (Fwg)™ ) = (m — Dlpys . In particular t*Xg is a
contact form on SM and SM is orientable.

3. The geodesic flow on SM preserves t*Ag and t*wyg.
4. The geodesic flow on SM preserves gy .
Proof. 1. The tangent space of SM at v € SM is given by
T,SM = {V(0) | V : (—€,€) = SM and V(0) = v}.

Take such a V, then

Ld v, v =o.

§CV(0).0) = gV Vo V(O VO) = 55 g
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Thus, we have shown the inclusion C. Equality follows from dimensional rea-
sons. 2. We will show that t*A,; A (t*wy)™ ! is a nowhere vanishing form of
top degree on SM. This will imply orientability of SM. Let v € S, M and us-
ing Gram-Schmidt we obtain a orthonormal basis (e;) of (T,M, g,) such that
em =v. Then (Z1,..., Zam—1) is a orthonormal basis of (T,SM, (¢9sar)w), where
Z; = (e;,0) for i <m and Z; = (0,¢;) for m+ 1 < i < 2m — 1. By proposition
217 we compute

0, ifi#m

L

, L=m.

U (Z) = g(v, M Z;) = {

Therefore t*A\y = Z,,.By proposition we compute for j < m

0, fk#j+m
1, k=j+m.

Cwe(Z;, Zy) = {

Thus, we have 1*w, = S ZF A ZF,,, and
(Cwg)™ ™t = E(m = DZY A Zi ) N AN Zgy oy N Zy 1 )
Finally, we get
UG A (Fwg)™ = E(m = DIZEANZENZin) Ao N2y N2y

which proves both orientability of SM and the asserted equality.
3. We only need to show that ¢*), is preserved by the geodesic flow, for then

@t*a*wg = ot * — drg = 7d(I)t*L*/\g = —dt" Ny = t"wy.

Let Vi (—e,€) = SM,V(0) =v € S,M and Z = V(0) € T, SM. If we write J
for the Jacobi field as in proposition 2.9, we have

* * 217 23
(@70 X)(Z) = (Aot (1) (PLZ) =" g (@' (v), . ®LZ) = g(D(v), (1))
Now we show that (®"*:*)\,)(Z) is independent of ¢.

(a2, (2)

a = 29(9'(0), I (1) = g(®* (1), V5, (1))

23 (@t (v), CP, Z) = 0,

where the last equality follows from 1. since <I>i’vZ € Ty (v)SM.
4. This follows directly from 2. and 3. O

Corollary 2.48. Let (M,g) be a complete Riemannian manifold. For all f €
C>®(SM) with compact support and t € R we have

fo® sy =/ fursm.
SM SM
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Proof. By the preceding Lemma the Jacobian |®!|, of ®* : SM — SM is
identically equal to 1. The geodesic flow ® : SM — SM is a diffeomorphism
for all t € R since ®~% o ® = idgy, for all t € R. Now apply the transformation
rule O

In the next chapters we will see that it is useful to consider unit speed
geodesics on M as integral curves of the geodesic flow on SM, because these fill
up the whole unit tangent bundle and do not intersect.
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Chapter 3

Wiedersehen Manifolds

In this chapter we mainly follow [3] and always assume (M, g) to be a complete
and connected Riemannian manifold.

Definition 3.1. Let v € SM. We define con(v) € (0,00] to be the first positive
time t such that 7,(0) is conjugate to 7,(t) along v,. If no such time exists,
we set con(v) = oo. For p € M we define the first conjugate locus of p by
Con(p) := {yw(con(v)) | v € S, M and con(v) < co}.

Notation 3.2. Let v be a geodesic in M and V a vector field along 7. We
sometimes write V' for "V, V.

Proposition 3.3. For all v € SM with con(v) finite we have
con(—4y, (con(v)) = con(v).

Proof. Let v € SM such that con(v) is finite and set w := —%, (con(v)).

First, we show con(w) < con(v). Since v,(con(v)) is conjugate to 7,(0) along
v, there is a nontrivial Jacobi field J along v, with J(0) = 0 and J(con(v)) = 0.
We now define a vector field J~ (¢) := J(con(v) —t) along v, (t) = v, (con(v) —t)
and compute

() + R(J (1), Yo () a (£)
=J(con(v) — t) + R(J(con(v) — t), 3 (con(v) — )3 (con(v) — t) = 0.

Here R denotes the Riemannian curvature endomorphism of M. Thus J~ is a
nontrivial Jacobi field along v,, vanishing at 7,,(0) and 7, (con(v)).

Now we show that con(v) < con(w). Assume not, then con(v) > con(w). But
then vy[0,con(w) : [0,con(v)] — M has an interior conjugate point at time
con(w). By [2, Thm 10.26] there is a proper normal vector field X along
Yw|[0,con(v)] Such that the index form I(X, X) is strictly negative. Then the
vector field X~ (t) = X(con(v) — t) along ~, is proper, normal and satisfies
I(X—,X7)=1(X,X) <0. But on the other hand ~, : [0, con(v)] = M has no
interior conjugate points and therefore [2, Thm 10.28] implies 0 < I'(X —, X ),
which is a contradiction. O
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Lemma 3.4. con: SM — (0,00] is continuous.

Proof. Let v € SM such that con(v) is finite and € > 0. In this proof we
sometimes write (p,v) instead of v, where p = w(v). Without loss of generality
we assume € < con(v). We consider the smooth map

F:TM — M x M, F(v) := (7(v), expr)(v))

and compute its differential in coordinates

1 0
d(pﬂ))F - <* dfue,’,ljpp ) .

We therefore have det(d(, ) F') = det(d,exp,).

For each t < con(v) — e we have det(d, 1,)F') = det(dyexpy) # 0. Therefore we
can find, for each such ¢, an open neighborhood U; C TM of (p,tv) such that
for each (p/,v") € Uy

det(d(p/w/)F) = det(dv/eaj‘pp/) 75 O
The set U := Up<t<con(v)—cUs is thus an open neighborhood of

{(p, tv)|t € [0, con(v) — €]}.

We can thus find an open neighborhood V of (p, v) in SM such that (p’, tv’) € U
for all (p,v") € V,t € [0, con(v)—e€]. Hence con is greater or equal than con(v)—e
on V. (If con(v) = oo, the same argument shows that con is continuous at v.)
To finish the proof we have to show that there is a neighborhood of (p,v) in
SM on which con is smaller than con(v) + e. By [2 Theorem 10.26] there is
a proper normal vector field X along 7,|(0,con(v)+¢ Such that the index form is
negative, i.e. I(X, X) < 0. The idea is then to transport this vector field X to
a proper normal vector field X' along the geodesic v,/|0,con(v)+¢ With vanishing
index form, where (p/,v’) is close to (p,v). Then due to [2, Theorem 10.28],
Vo'|[0,con(v)+¢ Must have an interior conjugate point and we are done. Let’s do
this in detail.

We choose ¢ < 2inj(, ,SM, let S C T(;,,)SM denote the sphere of radius 1
and define the smooth map

T':[0,con(v) + €] x[0,0] x S — M,T(t,s,w) = exp%expfp%)(sw)(texp(sp%)(sw)),
where m : SM — M is the projection of the unit tangent bundle. For fixed
w and t we can parallel transport X (¢) along I'(¢,-,w). By the differentiable
dependence theorem of parameters for initial value problems one infers that

X :[0,con(v) + €] x [0,0] x S = TM,X(t,s,w):= P;gt"’w)X(t)

is smooth. Hence X (-, s,w) is a smooth, proper vector field along VeapSM, (sw)-
Pp,v

Now the index form I(X(:,s,w), X(+,s,w)) depends continuously on s and w.
We can therefore decrease ¢ such that

I(X(s,w), X (-, s,w)) <0
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for all s € [0,6],w € S. The vector fields X (-, s,w) are not necessarily normal
to the corresponding geodesic, but we can just take the normal part X (-, s, w)L
and obtain

I(X(-,s,w)L7X(~,s,w)L) <I(X(-,s,w), X(-,s,w)) <0

for all s € [0,0],w € S. Let Bf™((p,v)) C SM denote the geodesic ball of
radius § around (p,v). We have shown that for all (p’,v’) € B5™((p,v)) there
is a smooth, proper, normal vector field along 7,0,con(v)+¢ With negative index
form, hence con(v') < con(v) + e. O

Definition 3.5. (M, g) is called wiedersehen manifold if Con(p) consists
of exactly one point for all p € M. A wiedersehen manifold (M,g) is called
wiedersehen surface if in addition dimM = 2.

In the following we will first develop some geometric properties of wiederse-
hen manifolds and then prove the Blaschke conjecture for wiedersehen surfaces.
Firstly we show that con is constant and finite on SM. This is the content of
the following two lemmas.

Lemma 3.6. Let (M,g) be a wiedersehen manifold. For each p € M the
restriction of con to S,M is constant and finite. Therefore the function

a: M — (0,00), a(p) = con(v), where v € SyM
s well defined.

Proof. Let p € M. The wiedersehen property says that p has a conjugate point,
hence there exists a v € S, M such that con(v) is finite. By lemma we can
find an open neighborhood B of v in S, M and € > 0 such that con(w) is finite
and bigger than e for all w € B.

Now we show that con is smooth in a neighborhood of v in S,M. For that
we set ¢ = Con(p) and take the above € smaller than inj,M. Let S. be the
geodesic sphere of radius e around ¢. Due to the choice of ¢ for all w € B
we have v, (con(w) — €) € S.. We now apply the Gauss lemma to show that
this intersection is perpendicular. We set © = exp, ! (v,(con(v) — €)). For each

u e T;,SET"M the Gauss lemma implies
0=g¥(u,v) = Geap, (3) (dsexpyu, dzexp,0). (3.1)
For the second argument we compute
expy(t0) = 75(t) = 7.2 (¢[0]) = 7o (con(v) — t[0]).
And thus

dyerpyt = %I expy(t0) = =4, (con(v) — |0]) = = (con(v) — €).
t=1

26



Since the left entry in (3.1)) covers T, (con(v)—e)Se as u varies, the nondegeneracy
of g implies

Yo (con(v) —€) LT, (con(v)—e)Se-
Since S, is a codimension 1 submanifold of M there is some open neighborhood
U of v,(con(v) — €) and smooth function smooth f: U — R such that

UnsS.={p eU|f(p') =0}

By the continuity of the geodesic flow and shrinking of B we can find a § > 0
such that

mo®(t,w) € U for all (t,w) € (con(v) —e—d,con(v) —e+06) x B=:V.
We apply the implicit function theorem to the function
F:V SR F(t,w):= f(ro®(t,w)).
Since 7, intersects S, transversally at time con(v) — €, we have

atF‘\(con(v)—e,v) = f*'yv(con(v)—e);yv (COTL(U) - 6) = g(gT’(Idf, ’.YU(COTL(’U) - 6)) 7é Oa
F(con(v) —e,v) = 0.

The implicit function theorem implies that there is some open neighborhood A
of v in B and a unique smooth function g : A — R such that F'(g(w),w) = 0 for
each w € A. For all w € A we have F(con(w) — ¢, w), hence g(w) = con(w) — €.
Thus con is smooth on A.

Now we show that con is constant on A. For that we consider smooth curves
v : (—€,¢e) — A and the associated variations ' : (—¢,€) x R — M, T'(s,t) :=
exp,(tv(s)). We obtain a family of Jacobi fields J(s,t) = 0,I'(s,t) with

o
ds
("'Va,J)(s,0) L 0,'(s,0), since

J(s,0) =T'(5,0)(t—) =0 = 0 and

ry, _1ld _ld, _
9((* Vs, J)(s,0),0:I(s,0)) = 5 dsg(atf(s,()),atf(s,())) =35 dsl =0.

This implies that every Jacobi field J(s,-) is normal, i.e. J(s,t) L 0;I'(s,t) for
all (s,t). Due to the definition of con and the wiedersehen property of M we
get

q=T(s,con(v(s))
and thus

0= %F(s, con(v(s)) = J(s,con(v(s))) + 8,5F(S,con(v(s)))%con(v(s)).

Due to the perpendicularity of the two summands this equation yields

d
Econ(v(s)) =0.
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Therefore, con is locally constant at points v € S,M where con(v) is finite.
Then con must be finite on S,M. Otherwise there would be a smooth curve
v :[0,1) = SpM with con o y0,1) < oo and con(y(1)) = oo. Hence con oy 1)
would be constant and finite by the preceding discussion, contradicting the
continuity of con. Consequently, con is locally constant on S, M. Since S,M is
connected and con is continuous, con is constant on S,M. O

Lemma 3.7. Let (M, g) be a wiedersehen manifold. The function con is con-
stant and finite on SM. Let a be the value of con. All geodesics on M are periodic
with common period 2a.

Proof. Let p € M and 7 be a unit speed geodesic with v(0) = p. Since con is
continuous, the function a from the above lemma is continuous. Therefore there
is some § < W such that for each p’ € M with d(p,p’) < ¢
nj,M

[2a(p") = 2a(p)| < —5—
We now show that v is periodic and a(y(e)) = a(p) for all || < §. Let e be fixed
and set p’ = ~(e).
Case 1.1: € > 0 and 2a(p) < 2a(p’) + €. Then we have d(p,p’) = € < §. Using
the triangle inequality we obtain

le + 2a(p’) — 2a(p)| < inj,M.

We know that
Con(p') = (e +a(p'))

and from proposition [3.3] we infer

p' = Con(Con(p")) = v(e + 2a(p’)) and v(2a(p)) = p.

We therefore conclude that v|j24(p),c424(p)) I8 the unique minimizing geodesic
from p to p’. But this is also true for 7|jg . Thus, we have ¥(2a(p)) = ¥(0) and
~ closes smoothly at p. Therefore, v is periodic with period 2a(p).

Now we show that a is constant along v. We know that

€+ 2a(p’) — 2a(p) = Lg(V2a(p),e+2a(p)) = Lg(V[0,e]) = €,

which implies a(p’) = a(p).

Case 1.2: € > 0, 2a(p) > 2a(p’) + €. Then 2a(p’) < 2a(p) + €. Using the same
argument as in case 1.1 for the geodesic v(e — -) and changed roles of p and p’
we see that a(p) = a(p’) and y(e — -) closes smootly at p’ and is hence periodic.
Thus, +y is periodic as well.

Case 2: € < 0. As in cases 1.1 and 1.2 with y(—-) instead of ~.

Thus a is locally constant along +. By continuity a is constant along ~.
To prove the assertion that a is constant on the whole manifold M we note
that completeness implies that every two points on M can be connected by a
unit-speed geodesic. O
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Lemma 3.8. Let (M, g) be a wiedersehen manifold. The map Con : M — M
18 an isometry.

Proof. We use the Myers-Steenrod theorem, see [5 3.31]. Con is a bijection
since it is involutive, that is Con o Con = idy,.

Now let p,q € M be arbitrary and ~ : [0,d(p,q)] — M be a minimizing unit-
speed geodesic with v(0) = p and ~v(d(p,q)) = q. By the preceding lemma we
have Con(vy(t)) = y(a +t). Setting ¢t = 0 and ¢ = d(p, ¢) we get Con(p) = v(a)
and Con(q) = vy(a + d(p, q)), respectively. We conclude that

d(Con(p),Con(q)) < L(Va,a+dp.g)) = 4P, )
for arbitrary p,q € M. Since Con? = idy; we get
d(p,q) = d(Con?(p), Con?(q)) < d(Con(p), Con(q)).
These two inequalities imply

d(p, q) = d(Con(p), Con(q)).
O

Lemma 3.9. Let (M, g) be a wiedersehen manifold. Forp € M we consider the
Euclidean sphere S)(a/m) as the quotient of the closed Ball B(0y,a) of radius
a in T, M, where the boundary S(0,,a) is identified to the south pole S,. Let

@ : B(0p,a) — S}'(a/m) denote the quotient map. Then there is a smooth
covering map Fy, : Sp'(a/m) — M such that Fy, o ¢ = expy,.

Proof. The map F}, is well defined, since for v € dB(0,,a) we have con(?) = a
and thus

exp,(v) = ea:pp(ag) = Con(p).

Due to [1, 4.46] we only have to show that that F, is a local diffeomorphism.
On S)*(a/m) \ {Sp} the map F), is given by exp, and hence smooth. A vector
v € B(0p,a) can’t be a critical point of exp, since conjugate points to p occur
not before time a. Thus F}, is a local diffeomorphism on S)*(a/7) \ {Sp}. It
remains to check that F), is smooth and a local diffeomorphism at the collapsed
point Sp. Since Con is an isometry we have for all v € S,M and ¢ > 0

expy(tv) = Con(exp,((t — a)v)) = expcon(p)((t — a)Con,v).

Let o : S)"(a/m) = S;*(a/m) denote the antipodal map. For u € B(0,,a) \ {0}
we set v = |“7‘ and t = |u| and the above equality implies

u
Fp(qp(w)) = Feon(p)dcon(p)Cons(Ju| — a)m

= FCon(p) © 4con(p) © OO’R* © (qp|S;”(a/7r)—Sp)71 © a(qp(u))
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Thus, F}, is on S]"(a/7) \ N, (N, is the north pole) given by

m o am % Con,
St (a/m) \ ANy}~ S (a/m) \ {Sp} = B(0p,a) =5 B(0con(p). a)
on(p Feon P
1 S on(p) (@/T) \ {SCon(p)} s M.

All involved maps are local diffeomorphisms. This concludes the proof.
O

Theorem 3.10. Let (M, g) be a simply connected wiedersehen manifold. Then
1. M is diffeomorphic to S™.
2. injM = diamM = a.
3. For allp € M and v € S,M we have v,(a) = Con(p).
4. All unit speed geodesics in M are periodic with (least) period 2a.
5. Con is an involutive isometry with d(p,Con(p))=a.

Proof. By the universal property of the universal cover the map F' : S™(a/7) —
M of lemma is a diffeomorphism. Therefore exp, restricted to B(0,,a) is
injective and exp, = Con(p) on S(0,,a) for every p € M. From this everything
follows. O

We now want to give an equivalent condition for the wiedersehen property.
To do that it is convenient to introduce Allamigeon-Warner manifolds.

Definition 3.11. Let k € {1,...m — 1},1 > 0. A complete and connected
Riemannian manifold (M, g) is called Allamigeon- Warner manifold of type
(k, 1) if con(v) =1 for allv € SM and if the multiplicity of v,(l) as a conjugate
point of 7,(0) along v, is equal to k.

Proposition 3.12. An m-dimensional Riemannian manifold (M, g) is Allami-
geon Warner of type (m — 1,1) if and only if (M, g) is wiedersehen.

Proof. Let (M, g) be wiedersehen and take v € S, M. Set | = con(v). We have
to show that the multiplicity of v, (l) along -, is equal to m — 1. Since the
multiplicity of a conjugate point never exceeds m — 1, it suffices to show that
there are m — 1 linearly independent Jacobi fields along ~, vanishing at 0 and [.
Let v : (—¢,€) — SpM be a smooth curve with v(0) = v. Consider the variation
[':(—€€) xR — M,T'(s,t) := exp,(tv(s)). Then the associated Jacobi field
J(t) = 0,T'(0, 1) satisfies J(0) = 0. Since I'(s,!) = 0 we have J(I) = 0. Moreover

J(0) ="V9,0sT | (5,6)=(0,0) = " Vo,0sT | (s.67=(0,0) = " V0.0 |(5,6)=(0.,0)
d
="T"Vov(0)=—  v(s).

S |s=0
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In the last two equalities we used 9;I'(s,0) = v(s) and 7 o v = p, respectively.
Since the dimension of S, M is m — 1, we are done.

Conversely let (M, g) be Allamigeon Warner of type (m — 1,1). For each p € M
we have to show that Con(p) consists of a single point, i.e. exp,(lv) = exp,(lw)
for all v,w € S, M. Take a smooth curve v : [0,1] — S, M with v(0) = v,v(1) =
w. The Jacobi fields J(s,t) = 9,I'(s, t) associated to the variationI": [0, 1] xR —
M,T'(s,t) := exp,(tv(s)) satisfy J(s,0) = 0 and J(s,0) L &,T(s,0). Since M
is Allamigeon Warner of type (m — 1,1), we must have 0 = J(s,1) = 9sI'(s,1).
Hence exp,(lv) =T(0,1) =T'(1,1) = exp,(lw). O

Corollary 3.13. A Riemannian surface (M, g) is wiedersehen if and only if
con 1is finite and constant.

Lemma 3.14. Let w: (M,g) — (M, g) be a Riemannian covering. Then

(M, §) is Allamigeon Warner of type (k,1)
< (M, g) is Allamigeon Warner of type (k,1).

Proof. Since 7 is a Riemannian covering, g is complete if and only if § is com-
plete. For each unit speed geodesic ¥ in M, set v =mo~. Let J be a Jacobi
field along . Denote by J the unique vector field along 4 with o = J. 5l
6.17] implies that for every vector field V' along %

ﬂ*&ngf/ = va{mf/.
Applying this twice we obtain
wIVAAVAL] = 1M a VT = v
Consequently
GOVEIVIT + RUAY) = 9w VEIVRT + mR(T A )
=gV + R(J,4)%, m).

Thus J is a nontrivial Jacobi field vanishing at ¢t = 0,1 if and only if J is a
nontrivial Jacobi field vanishing at ¢ = 0,{. Hence the assertion holds. O

Corollary 3.15. Let 7 : (M,g) — (M, g) be a Riemannian covering. Then

(M, §) is wiedersehen < (M,g) is wiedersehen.
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Chapter 4

Blaschke Conjecture

In this chapter we follow [3] and present Green’s proof of the Blaschke con-
jecture. The key for the proof is the following theorem, which uses a volume
inequality to characterize whether a Riemannian manifold has constant positive
sectional curvature.

Theorem 4.1. Let (M, g) be a closed Riemannian manifold and a > 0 such
that every v € SM satisfies con(v) > a. Then

a2

— [ scalpg < m(m — 1)voly(M).

™ JMm
And equality holds if and only if M has constant sectional curvature Z—i Here
scal : M — R denotes the scalar curvature.

Proof. First let v : [0,a] — M be a unit speed geodesic and F € "T'M a parallel
normal unit vector field along . Then the vector field V (t) = sin(Z£)E(t) is a
proper normal vector field along 7. Therefore [2, Thm 10.28] implies

0< / 91V 0, V. V0, V) = R(V,4, %, V)dt, (4.1)
0

with equality if and only if V' is a Jacobi field. With

TV V = Vvatsin(%t)E(t) _ gcos(%t)E(t)

we can calculate the first term of the above inequality

7t 2 2

a N ) a 2 ) -
) g("V5,V, 7V, V)dt = ; a—zcos (;)dt: =

Thus, we have
2

@ gt L. T
— R(E E)dt < —.
| sintCORE. A5 B < T
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V' is a Jacobi field if and only if it solves the Jacobi equation, which is in this

case given by
2

T 7t . 7t o\
—ﬁsm(z)E(t) + szn(;)R(E,’y)v =0.
This holds if and only if K(E,¥) = 7> > and R(E,f’y)f’y, E are colinear. Now we
choose a parallel orthonormal frame (E4,...,E,) along 4 such that Fy = 4.

Then
a t m a t

| sinChmictae =3 [ sint (T R(E 303, B
0 = Jo

S (4.2)
= Z/ sin* (O R(E:, 4,4, Bt < (m — 1),
= Jo a 2a

772

with equality if and only if K(E;,¥) = %5 and R(FE;,¥)¥, E; are colinear for
t = 2,...,m. Since the equation is independent of the chosen frame, we get that
equality holds iff K(FE,%) = Z—j and R(FE,¥)%, E are colinear for every normal
parallel unit vector field E along . Since M is compact and therefore SM is
compact, we can integrate over the unit tangent bundle SM. For the right
side we compute

L= ],
usp = HS, MMM
SM M Js,M
:/ vol(S™ M uar = vol (M )vol(S™ ).
M

For the left side we compute

/SM/ sin’ Rw(%)dt'MSM _/ / sin’ RZC(‘I)f( ))dtpsn

Ric(®'(v))usardt
M

m/ 7t
= sin*(—)

0 a Js
@ t
@/ smz(w—) Ric(v)psprdt

0 a  Jsm

=z ch( JHs M

IZBZI a
= Ric(v Ms MMM
SpM

a/ —vol(S™ Yscalpns
M

2 m
= glvol(Sm 1)/ scal

Together we obtain the asserted inequality. Now equality holds iff for every unit
speed geodesic v and normal parallel unit vector field E along « the sectional
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2
s

curvature satisfies K(E,¥) = 75 and R(E,¥)Y,E are colinear. But this is

equivalent to M having constant sectional curvature Z—z by [B, Satz 6.10]. O

If for a closed Riemannian manifold no conjugate points exist, let a go to
400 to obtain the following corollary.

Corollary 4.2. Let (M, g) be a closed Riemannian manifold without conjugate

points. Then
/ scalpns < 0.
M

Since we did this limit process, we don’t know what equality implies for the
sectional curvature. One would expect that in the case of equality the sectional
curvature vanishes identically. This is in fact true and is proved in [I0]. Later
we will show a theorem due to Eberhard Hopf, which states this result for
Riemannian surfaces.

Let us now specialize the above theorem to the case of surfaces.

Corollary 4.3. Let (M, g) be a closed Riemannian surface and a > 0 such that
for allv € SM,con(v) > a. Then

vol(M) > 27(12)((M).

7_(_2

And equality holds iff the sectional curvature is constant K = 75. Here x(M)
denotes the Euler characteristic of M.

Proof. By the Gauss-Bonnet theorem

/ Kpn = 2mx(M).
M

On a surface we have scal = 2K, thus by the preceding theorem

2
vol(M) > a—z/ scalpipg
27T M

a? 2a?
= 7/ Kuy = —x(M).
Vs M Vs

O

We already know that a simply connected wiedersehen surface M is diffeo-
morphic to S2. Hence to prove the Blaschke conjecture in the simply connected
case, the preceding corollary shows that it is sufficient to show that the volume
of M is equal to %. We will compute the volume of SM, because there the
integral curves of the geodesic flow ®* : SM — SM fill up SM and do not inter-
sect each other. This will allow us to parametrize SM by unit speed geodesics
starting at a hypersurface of M, namely one of the closed geodesics on M. The

technical tool for this is Santalo’s formula, which we shall prove in the following.
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Let ¥ be a non-degenerate hypersurface in the Riemannian manifold (N, gn)
and X a vector field on N with complete flow ®x : R x N — N. We define a
smooth map

F:RxXY = N,F(t,z) = &% (z).

We endow 3 with the induced Riemannian metric, R with the Euclidean metric
and R x ¥ with the product metric.

Lemma 4.4. If (®4)*un = pn for every t € R, then the Jacobian |F|, is
independent of t and

1
|[Fl(t,x) = |gn (X (2), X (2))]2,
where X+ is the component of X perpendicular to ¥.

Proof. We define the map s : R x ¥ — R x X 9(t,z) := (t + s,2). Then

'L/}:MRXZ = URxX%
and F oy; = ®% o F' by the flow property. We can now compute

[Flaprxs = F puy = F*(®%) " un
— (@ 0 F)uy
= iF N
= V5 (|Flsprxs)
= |F[s o st prxs
= |F|« 0 Ysprxs.
But from this we obtain |F|.(¢t,z) = |F|.(t + s,z) for all t,s € R,z € %.
This proves the independence of ¢. Let (U, ¢) be a 3-adapted chart on N with
coordinate functions ¢ = (x!,...,2™) such that the inclusion U N Y — U is in
coordinates given by (22, ...,2") — (0,22, ...,2™). For R x ¥ we have the chart
(Yl ..., y™) = idg x ¢z Forallz e UNY
[ ] d(07x)Fay1 = (8t)|t=0(1)3( (.T) = X(.T)
[ ] d(07x)Fayi = ((9y7)‘(07x)q)tx (.T) = 8351 fOI‘ 7 2 2, thus d(O,x)ﬂTmZ = Z.dng.
Now let (v1,...,v,) be an orthonormal basis of T(( ;)R x ¥ with v; = 9;. Then
by proposition [2.38| we get

1

|F'[+(0,2) = [det(gn (d(o,0) Fvi, do,2) F'v3))|?

gn(X(2), X(2)) gn(X(2),00) - - gn(X(2),vn)
gn (X (), v2) 1 0 ... 0

= |det( 0 1 0 )|%
: : A 0
gN(X($),Un) 0 0 1

= (gn(X, X) — ZgN(X,vi)z)%.
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Using this we obtain the assertion, since

n

gn (X XT) = gn (X =) g (X, v)vi, X = gn(X,v5)v5)
i—2 j=2

= gn(X,X) =2 gn(X,0:)? + > gn(X,v5)? = |F|.(0,2).
=2 =2

Let us apply this lemma to the geodesic flow.

Theorem 4.5. (Santalo’s formula) Let H be a hypersurface in the complete
Riemannian manifold (M, g) and ¥ = SMy = {(p,v) € SM | p € H}. Let G
be the vector field of the geodesic flow ® : SM — SM. With F defined as above

|Fl+(t,0) = sin(0(v)),

where 0(v) € [0,7/2] is the angle between T, H and v.

Figure 4.1: Santalo’s formula: The red line is the hypersurface H, v € SMy.
The arrows illustrate the directions taken by the geodesic flow.

Proof. By lemma the geodesic flow preserves ugys, so we can apply the
preceding lemma with (N, gx) = (SM,*g®) and obtain

1
|l (t,v) = [9°(G* (v), GH(v))]2.
Again, by lemma we have T,SM = T,M @ v*, where p = 7m(v). As in

proposition [2.7 one shows that G(v) = (v,0). If v € X, then 7,3 = T, H @ v+,
which follows directly from corollary 2.5 Let vy € T,M be the outer unit
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normal of H in M at p. Then vy := (vg,0) is a unit normal of 3 in SM at v,
since g° (vs,vs) = 1 and for each Z = (X,Y) € T,,%

9°(vs, Z) = g(vir, X) + g(0,Y) = 0.

Thus
G*H(v) = g% (G(v), vs)vs = (9(v,vm) + O)vs

and finally

g(G*(v),G*(v)) = m = cosQ(g —0(v)) = sin’0(v).

O

We are now able to prove the Blaschke conjecture. Firstly, we treat the case
where M is simply connected and then use the theory of covering spaces to
obtain the general result.

Theorem 4.6. (Blaschke conjecture for simply connected wiedersehen surface)
Every simply connected wiedersehen surface (M, g) has constant positive sec-
tional curvature.

Proof. By theorem M is diffeomorphic to the sphere S?. Hence the Euler
characteristic x(M) is equal to 2. The idea is to show

4 2
vol(M) = 2.
™

Then corollary implies that K is equal to 72/a?. The formula for the volume
of M can be derived from Santalo’s formula as follows. Let H C M be one of

the closed geodesics of length 2a (where a is from theorem [3.10). Define F, %
as in Santalo’s formula. We will show that

F:[0,a) x (X — SH) — SM — SH

is a diffeomorphism and therefore

vol(SM) = vol(SM — SH) = / volgas
F([0,a)x (S—SH))

= / sinf(v)volrx s
[0,a)x (S—SH)

= / sinf(v)volgxn
[0,a)xX

:/ volR/ sinf(v)vols
[0,a) by

= a,/ sinf(v)vols.
b
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By Fubini we have

/EsinG(v)volg = /H/S,,M sinf(v)vols, ar(v)voly (p)

2m
:/ \sin0|d9/ volg =4 - 2a.
0 H

Therefore the volume of the unit tangent bundle is 8a? and
8a* = vol(SM) = / / volg, prvoly = 2mvol(M),
M Js,m

which proves the formula for the volume of M.

We now show that F' from above is a diffeomorphism. To see that F is surjective,
let (z,v) € SM — SH.

Case 1: (z,v) € SM 5. F (0, (z,v)) = (z,v).

Case 2: x € M — H. Take any p € H and a minimizing unit speed geodesic
~ that connects p and x such that v(0) = p. By the Jordan curve theorem H
separates M into two disjoint components N and S. Without loss of generality
we assume & € N. Since injM = a, v won’t hit H in the time interval (0,a).
Moreover v(a) = Con(p) € H. Because x & H,~ intersects H transversally in
Con(p) and thus ~(a,2a) C S. Since Con(p) lies on H and x doesn’t, we have
Con(p) # x. Therefore, there must be some positive real number ¢, < a with
~(tz) = z. Consequently Con(z) = v(t, +a) € S. Let v_, be the geodesic such
that v_,(0) = 2,4_,(0) = —v. Then v_,(a) = Con(x) € S and thus there must
be a first positive time ¢ty < a such that v_,(¢9) € H. Then —§_,(t9) € (X—SH)
and F(to, =Y (t0)) = —Y-0(0) = (z,v).

For injectivity we take (¢, (z,v)), (s, (y,w)) € [0,a) x (¥ — SH) with s > ¢ such
that F(t,(z,v)) = F(s,(y,w)), i.e. ®*(v) = ®%(w). Thus ®*~*(w) = v, but
mo & (w) can only hit H after times that are multiples of a. Hence s —t = 0,
which proves (z,v) = (y, w).

Let (t,v) € [0,a) x (X —SH), and (Xy, ..., Xom—1) a positively oriented basis of
T(tﬂ,)R X E, then

UOZSM(dFXl, ...,dFXQm_l) = F*UOZSM(Xl, ...,Xgm_l) = sinf)(v) 7£ 0

implies that (dFX1,...,dFXs,,_1) is a basis of T ,)SM. Thus, F is a local
diffeomorphism and we are done. O

Corollary 4.7. Let (M, g) be a wiedersehen surface. Then (M, g) has constant
positive sectional curvature.

Proof. Let m : M — M be the universal cover of M. By [I, 4.40] there is
a unique smooth structure on M such that p is a smooth covering map. We
endow M with the Riemannian metric § := 7*g. By corollary (M,g)
is a simply connected wiedersehen surface and has therefore constant positive
sectional curvature K. Since 7 is a local isometry, (M, g) has constant positive
sectional curvature. O
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An even dimensional complete connected Riemannian manifold (M™, g) with
constant positive curvature is isometric to the sphere S™ or the real projective
space RP™, both equipped with the canonical metric times some positive con-
stant (see [8, Chapter 8, Proposition 4.4]). Thus, the only wiedersehen surfaces
are S2 and RP? with positive multiples of the canonical metrics.

In the proof of the Blaschke conjecture the fact that the wiedersehen mani-
fold is a surface is crucial, both in applying corollary and Santalo’s formula.
In the first case we used the Gauss-Bonnet theorem and in the second we used
that a closed geodesic in a two-dimensional manifold is a hypersurface. Never-
theless, Berger was able to prove the following.

Theorem 4.8. Let g be a Riemannian metric on S™ with
inj(S™, g) = diam(S™, g).
Then (S™,g) has constant positive sectional curvature.

For details see [6]. By our discussion of wiedersehen manifolds we know that
simply connected wiedersehen manifolds are exactly of this type, namely they
are diffeomorphic to the sphere and the injectivity radius equals the diameter.
Hence simply connected wiedersehen manifolds have constant positive sectional
curvature. By chapter |3| we obtain

Corollary 4.9. Every wiedersehen manifold has constant positive sectional cur-
vature.

But this isn’t the end of the story. One can even go farther and con-
sider Blaschke manifolds, i.e. Riemannian manifolds (M, g) with the property
injM = diamM . The generalized Blaschke conjecture is then: Up to isometry
the only Blaschke manifolds are the compact symmetric spaces of rank 1. This
problem is still not solved. For a summary of what is known see [13].
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Chapter 5

Closed Surfaces without
Conjugate Points

In this chapter we will prove the following theorem of E. Hopf [12].

Theorem 5.1. Let (M, g) be a closed Riemannian surface. If on M no conju-
gate points exist, then

Kpupy <0
M
and equality holds if and only if the Gaussian curvature K is identically zero.

In this chapter we always assume (M, g) to satisfy the assumptions of this
theorem. First, we investigate how the non-existence of conjugate points affects
Jacobi fields on M.

Proposition 5.2. Let v € S,M and E be a parallel vector field along vy, such
that (%, E) is an orthonormal frame along ~,. Then

1. J is a normal Jacobi field along v, if and only if J+ K o~,J =0 and
J(0),7(0) L 4,(0).

2. Writing J = yE for a function y, the Jacobi equation from 1. becomes
i+ Koy =0. (5.1)
8. The solutions of are defined on all of R.

4. Any nontrivial solution of has at most one zero. Two non-identical
solutions intersect at most once. (intersection property)

5. For all a,b € R there is a unique solution y,(-;a,b) of such that

yv(a;aa b) = Lyv(b;a’vb) =0. (52)
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Proof. 1. By [5l 6.10] and the fact that M is a surface, we have
R(J,30) %0 = K () (9030, F0) I = 9(J, ) %) = K (1) (J = 9(J, ) )
If J is a normal Jacobi field along +,, then
0=1J+R(J3)He =J + K(w)J

Together with

d . .
0= ﬁg(J, Yo) = 9(J, o)

this shows the first implication. )
Conversely assume J + K (v,)J = 0 and J(0), J(0) L 4,(0). Then the function

9(J, %) and its derivative g(.J,,) vanish at ¢t = 0. Moreover

d? . = .
229 A) =90, ) = K (10)9(J, ),

and by the uniqueness of such an initial value problem g¢(J,%,) = 0. Then J is
a normal Jacobi field since

0=J+ K(y)J =J+ R(J, %)

2. Follows easily since E is parallel.

3. This follows from the theory of ordinary differential equations, see [IT], 21.3].
4. If a nontrivial solution had more than one zero, there would exist conjugate
points on M. If there were two nonidentical solutions intersecting at two points,
we could subtract them and obtain a nontrivial solution with more than one zero.
5. See [8, Proposition 3.9, Chapter 5]. O

With the notation of the preceding proposition we are now going to prove
the theorem.

Proof. For «, 8,a,b € R with o # 3, a # b the identity

yv(s; a, b) = yv(a; a, b)yv(s; «, ﬁ) + yv(ﬁ; a, b)yv(s; Bv a) (53)

holds, since by linearity of (5.1) both sides are solutions of the Jacobi equation
and they are equal at s = o, 8. If @« = a/, 8 = b this becomes

yu(s;5a,b) = yy(a’;a,b)y,(s;a’,b). (5.4)

We have
Yu(s;a,0") >0 for s <V and a <V, (5.5)

because otherwise there would exists some s < b’ such that y,(s;a,b’) < 0. By
the intermediate value theorem there would exist sg < b with y,(so;a,b’) =
0 = y,(V/;a,b'). By the intersection property y,(-;a,b’) = 0, which contradicts
yp(a,a,b’) =1.

For a < b < b we get y,(b;a,b) = 0 < y,(b;a,b’). Hence the solutions
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Yo (8;a,b), Yy (8; a,b') are different and by the intersection property they intersect

if and only if s = a. Therefore the function f(s) := y,(s;a,b) —y»(s; a,b’) solves

(5-1), f(a) =0, fi(a,c0) > 0 and f'(a) # 0, since otherwise f = 0 by uniqueness
D

of the solutions of ( . Thus f|(~co,q) < 0 or equivalently

yu(s5a,b) > yy(s;a,b’) for s <a<b<b. (5.6)
By (5.5) and (5.6) for all s < a the limit
Yo(s;a) := lm y,(s;a,d) (5.7)
b—+o0

exists. If we choose a, 8 < a in (5.3]), we see that the limit in (5.7 exists for
all s € R and is a solution of (5.1)) since it is a linear combination of solutions.
Furthermore, this limit commutes with differentiation by s

v (s;a) = lim y.(s;a,b) for s € R. (5.8)
b——+o0
This can be shown as follows. Choose «, 8 < a, then

d
yo(sia) = [ Iim yo(osa,b)ye(s;en B) + Lim 4, (5;a,b)y.(s; B, )]

= lim y,(asa,b)y,(s;a, B) + lim y,(B;a,b)y,(s; B, a)
b—+o00 b——+o0

= lim [y,(;a,0)y,(s;a,8) + yu(B; a,b)y, (s; B, )]

b—+o0
= lim vy (s;a,b).

b——+o0

From (j5.2)) and (5.5 we see that
yo(a;a) = 1,y(s;a) > 0 for all s € R.

Assume y,(so;a) = 0. Then y, (-, a) has a minimum at y,,(s; a), hence y, (so; a) =
0. And since y,(s; a) solves the Jacobi equation (5.1)), y,(s;a) = 0 for all s € R.
This contradicts y,(a;a) = 1. Therefore y,(s;a) > 0 for all s € R and we can
define a function u, : R — R by

Y, (s;a)
Yo(s;a)

uy(8) =

As the notation suggests, this definition is independent of a. Let a,a’ € R.

Then by (5.4))
yu(s;a) = lim y,(s;a,b) = lim y,(a’;a,b)y,(s;ad’,b) = yu(a’;a)y,(s;a’)
b—+o0 b—+o0

and differentiating by s we obtain

v, (s;a) = yu(a;a)y, (s;a’).
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Dividing these two equations implies that wu, is independent of a. If we differ-
entiate u, and use that y,(s;a) solves the Jacobi equation we obtain

' (s) = Yo (s:0)yo(s;0) —yy(s:0)* _ K(1(s) - yu(s;a)® u2(s)

y2(s;a) Yo(s;a)?

and hence u, is a solution of the Riccati equation

uy(8) + () + K (7(5))- (5.9)
Let Y, (s;b) denote the solution of the Jacobi equation (5.1]) such that Y, (b;b) =
0,Y,(b;b) = 1. We compute

d
d—[yv(s; a,b)Y,!(s;b) — 1y (s;a,b)Y,(s;b)] = 0 and
s
Yo (b; @, 0)Y, (b; b) — v, (b; a, b)Y, (b; b) = 0.
Thus, for all s # b we get

Yo(sia,b) _ Yi(s;b)

po(sab) ~ Yolsb) (5.10)
Going to the limit we can thus write u, in terms of Y,
uy(8) = nll)r-&I-loo m = nEI—iI-loo m (5.11)
We now show that there exists a constant A > 0 such that
|uy| < A for all v e SM. (5.12)

Since M is compact and the Gaussian curvature K is continuous, there exists
A > 0 such that K > —A2? on M. Let a # b. The function

. _ sinh[A(b - s)]
Asab) = A —a)

is the solution of the initial value problem
2" (s) — A%z(s) = 0, z(a;a,b) =1, z(b;a,b) = 0.
If we write y,(s) = yu(s;a,b), z(s) = z(s;a,b), then

(zy, = o) = 2 + 2y — Yo7’ — o2’ = 2yu (=K (7)) — oz A
= —(K(7) + Ay,

Now let a < b. If s < b, then y,(s), z(s) > 0 by (5.5)) and hence (zy] —y,2")" < 0.
Therefore, the function (zy] — y,2’) is strictly decreasing on s < b and is equal
to 0 when s = b. Thus (zy] — y»2') > 0 for s < b. Going to the limit we get
.y (s;a,b) . 2'(s;a,b) . —Acosh(A(b—s))
= lim &2 > lim ————~ =1 = —A.
() booo yu(s;a,b) — boroo 2(s;a,b)  boo  sinh(A(b— a))
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Now let @ > b. Then the functions y,(s) = y.(s;a) and z(s) = z(s;a,b) are
positive for s > b. The same reasoning as above shows (zy, — y,%') < 0 for
s > b and hence we get

(zyl, — yp2')(8) < (29, — yu2')(b) = —y,(b)2'(b) < 0 if s > b.

Hence, we obtain

yi(s;a)  2'(s;a,b)
yo(s;a)  z(s;a,b)
for s > b and going to the limit b — —oo implies

Uy (s) =

uy(s) < A

for all s € R.
We now consider v as a function u : SM x R — R. We have

u(®'(v),s) = u(v,s + ) for all s,t € R,v € SM. (5.13)
To see this we consider the function f: R — R, f(s) := y,(s + t;a,b). Then
f"(s) = —K(mo® o ®'(v))f(s), fla—t)=1, f(b—1t)=0.

By the intersection property we obtain y, (s +t;a,b) = ygt(v)(s;a —t,b—1t) and
hence
y(ly(v)(SQ a—1t,b— t) . QEU)(S +t;a, b)

@t = 1. = 1 — < — t .
w(®(v),s) = Jim Yor() (510 —tb—1) b yu(s+ ta,b) u(v,s +1)

If we set s = 0 in ((5.13) we get u(®*(v),0) = u(v,t) and inserting this into ([5.9)
we conclude

%u(@t(v), 0) 4+ u*(®'(v),0) + K (7 o ®*(v)) = 0. (5.14)

We now show that the function u(-,0) is measurable. Using (5.10) we obtain

. Y, (0n)
u(v,0) = nl;rrgo Yo(0:n)’

where Y, (s;n) is a solution of the Jacobi equation with Y, (n;n) = 0,Y,(n;n) =
1. From the theory of ordinary differential equations one infers that for n € N

fixed, Y, (0;n) and Y, (0;n) depend continuously on v € SM.(See [14, 4.1.2])

Thus g“/ Egzg is continuous in v € SM and hence u(-,0) is measurable as the

limit of continuous functions. We have already shown that u(-,0) is bounded
on SM, together we conclude that it is integrable over SM.

Integrating (5.14) with respect to ¢ implies

1 1
u(@l(v),O)—u(v,O)—&—/O K(ﬁo@t(v))dt:—/o W2(B40), 00t (5.15)
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By the preceding discussion, we can integrate the left side of this equality over
SM. Using corollary we obtain

/ w(@ (), 0) — ulv,0)psar = 0.
SM

Moreover

/ / K(r o ® (v))dtg s 223 / K(r o ® (v))psardt
SM JO 0 SM

“E [ Kr)psu

SM
@/ K(m(v))ps,m (v)par(p)
Sp M

/ K (p)uol (S, M) i (p)

=27 / Kun.
Together we conclude

27r/ Kuy = / / <I>t 0)dtusns.
SM

Therefore, the total curvature is non positive. If the total curvature is equal to

zero, then
/ / 2(®'(v),0)dtpsn = 0.
SM

Thus, for almost all v € SM, fo u?(®!(v),0)dt = 0. For such a v, since
uw(®'(v),0) = u,(t) is continuous in ¢, one infers that u(®*(v),0) = 0 for all

€ [0,1]. By (5.14) we get K(n(v)) = 0. Thus K o 7 is a continuous func-
tion on SM that vanishes almost everywhere, hence it is equal to zero on SM.
Therefore K = 0. O

Corollary 5.3. Let M be the two-dimensional torus or the Klein bottle. Let g
be a Riemannian metric on M without conjugate points. Then (M, g) is flat.

Proof. The Gauss-Bonnet theorem implies
K,LLM =0,
M

and the preceding theorem implies that K = 0. Hence (M, g) is flat. O

One can then ask whether the same conclusion holds for higher dimensional
tori. This was an almost 50 years standing conjecture, which was finally solved
by Burago and Ivanov [7]. They showed that higher dimensional tori without
conjugate points are flat.
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Notation Index

m:TM — M,
Fv7
Fi,

v,

C:TTM — TM,
Vv,
®:G—>TM,
G,

7:T"M — M,
LxW,

L,

Ags

(J.)g,

D(M),

Mg, M

volg, volyr,

|1/’|*7
K

9877

SM,

gsm, L*gs’
(M),
con(v),
Con(p),
1),

R,

mnjpM,
diam (M),

scal,

tangent bundle

pullback of the connection under map
differential of a smooth map

torsion of a connection

connection map

geodesic with initial velocity v
geodesic flow

vector field of the geodesic flow
cotangent bundle

interior product
Legendre-Transformation

tautological one-form on tangent bundle
canonical symplectic form on tangent bundle
density bundle

Riemannian density

Riemannian volume form

Jacobian of smooth map 1

sectional curvature

Sasaki metric on TM

unit tangent bundle

Sasaki metric on SM

smooth real valued functions on M
first conjugate time along ~,

first conjugate locus of p

index form

Riemannian curvature endomorphism
injectivity radius of p in M

diameter of M

scalar curvature

set of vector fields along the curve ~

Euler characteristic of M
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