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1. INTRODUCTION

Etale cohomology of a scheme with torsion coefficients away from the residue char-
acteristics yields a well behaved cohomology theory. For instance, there is a smooth
base change theorem, a cohomological purity theorem, and the cohomology groups are
Al-homotopy invariant. This breaks down, however, if we take the coefficients of the
cohomology groups to be p-torsion, where p is a residue characteristic of the scheme
in question. The problem can be seen already when looking at the cohomology group
HL (AL, Z/pZ) for some algebraically closed field k. If the characteristic of k is not p, this
cohomology group vanishes. But if the characteristic of k is p, H},(A}, Z/pZ) is infinite

due to wild ramification at infinity.
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2 THE ADIC TAME SITE

In order to address these problems we introduce the tame site (X/95); of a scheme X
over some base scheme S which does not allow this wild ramification at the boundary. The
rough idea is to consider only étale morphisms Y — X which are tamely ramified (in an
appropriate sense) along the boundary X — X of a compactification X of X over S. The
concept of tameness is a valuation-theoretic one. This makes it more natural to work in
the language of adic spaces rather than in the language of schemes. For an étale morphism
of adic spaces it is straightforward to define tameness: An étale morphism ¢ : Y — X
is tame at a point y € Y with ¢(y) = z if the valuation on k(y) corresponding to y is
tamely ramified in the finite separable field extension k(y)|k(z). Defining coverings to be
the surjective tame morphisms, we obtain the tame site Z; for every adic space Z. In
addition, we define the strongly étale site Z,4 by replacing “tame”with “unramified”.

This construction also provides a tame site for a scheme X over a base scheme S by
associating with X — S the adic space Spa(X,S) (see [Tem11]) and considering the tame
site Spa(X, S);. Note that Spa(X,.S) is not an analytic adic space: If X = Spec A and
S = Spec R are affine, we have Spa(X,S) = Spa(A, A1), where AT is the integral closure
of the image of R in A and A is equipped with the discrete topology. The adic space
Spa(X, S) should not be thought of an analytification of X/S but rather as a means of
encoding the essential information on X — S in the language of adic spaces. We call
adic spaces which are locally of this type discretely ringed.

Of course, tameness is not a new concept in algebraic geometry. Several approaches
have been made to define the notion of a tame covering space of a scheme over a base
scheme. These are summarized and compared in [KS10]. Having a notion of tameness for
covering spaces we can define the corresponding tame fundamental group. In Section 9
we show that the fundamental group of the tame site coincides with the curve-tame
fundamental group constructed in [Wie08], see also [KS10].

Also in other respects the tame site behaves the way it should: For an étale torsion
sheaf with torsion away from the characteristic the tame cohomology groups coincide
with the étale cohomology groups. If X — S is proper, the tame cohomology groups of
Spa(X, S) coincide with the étale cohomology groups for all étale sheaves (see Section 8).

Having established these rather straightforward comparison results we move on to prove
our first big theorem concerning the tame site, namely absolute cohomological purity in
characteristic p > 0 (see Corollary 14.5): Let S be a quasi-compact, quasi-separated
scheme of characteristic p > 0 and X a regular scheme which is separated and essentially
of finite type over S. Assume that resolution of singularities holds over S. Then, if
U — X is an inverse limit of open immersions, we have

H(Spa(U, S), Z/pZ) = Hi(Spa(X, S), Z/pZ).

This immediately implies that under the hypothesis of resolution of singularities the tame
cohomology groups H}(Spa(X,S),ZpZ) are homotopy invariant for regular schemes X
of finite type over S (see Corollary 14.6).

In order to prove the purity theorem we examine the Artin Schreier sequence

0— Z/pZ — G — G} — 0,

on Spa(X,S);, where G} is the sheaf defined by G (Z) = 0}(Z). It reduces us to
the study of the cohomology of GI. In Section 10 we compare the cohomology groups

H{,,(Spa(X, ), O, x.g) With Hi,,(S, Os). This is where we use resolution of singular-
ities.
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In Section 12 we show that for every strongly noetherian analytic or discretely ringed
adic space Z we have a natural isomorphism

H,,(Z,G;) — Hiy(Z.G])

sét
for all © > 0. In preparation to this we examine in Section 11 Priifer Huber pairs, i.e.
Huber pairs (A, AT) such that AT — A is a Priifer extension. Priifer Huber pairs are
important in the study of the cohomology groups of GI because G is acyclic on the adic
spectra of Priifer Huber pairs.

The final step is the comparison of the strongly étale with the tame cohomology of
G/. More precisely, we show in Section 13 that for any noetherian, discretely ringed or
analytic adic space Z we have natural isomorphisms
H,,(Z,G)) — Hy(Z,G])

for all + > 0.
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2. BACKGROUND ON ADIC SPACES

To fix notation let us briefly recall from [Hub93b] and [Hub94| some notions concerning
adic spaces. A Huber ring (f-adic ring in Huber’s terminology) is a topological ring A
such that there exists an open subring Ay carrying the I-adic topology for a finitely
generated ideal I C Ay. The ring Ay is called a ring of definition of A and the ideal I an
ideal of definition. An example of a Huber ring is Q, with ring of definition Z, and ideal
of definition pZ,.

An element a of a Huber ring A is power-bounded if the set {a™ | n € IN} is bounded,
i.e. for any neighborhood U C A of 0 there is a neighborhood V' of 0 such that

V-{a"|neN} CU.

An element a of A is called topologically nilpotent if the sequence a™ converges to 0. Every
topologically nilpotent element is power-bounded. We denote the set of power bounded
elements of A by A° and the set of topologically nilpotent elements by A°°.

A ring of integral elements of A is an open, bounded, integrally closed subring A™ of A.
The rings of integral elements are precisely the subrings A™ of A such that

A C AT C A

Moreover, every ring of integral elements is a ring of definition of A. A Huber pair
(affinoid ring in Huber’s terminology) is a pair (A, A") consisting of a Huber ring A and
a ring of integral elements AT C A.

Given a Huber pair (A, A™) we define its adic spectrum

X = Spa(4, A") = {continuous valuations v: A - T U{0} |v(a) <1Va€ A"}

Notice that we write valuations multiplicatively. Furthermore, for an element x € X we
write f +— |f(x)| for the valuation corresponding to X.
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For fi,..., fn, g € A such that the ideal of A generated by fi,..., f, is open we define
the rational subset R(—") of X by

(fl":q f") ={ze X [|fi(x)| <|g(x)| A0Vi=1,...,n}.

It is the adic spectrum of the Huber pair

where A(f1 """ ") is the localization A, of A endowed with the topology defined by the
ring of deﬁmtlon A*[%, ey %] and the ideal of definition IA+[%, . f"] and A(f1 """ Lenfn )+

is the integral closure of Aﬂ%, cee f?”] in A(fte f"). We endow X with the topology
generated by the rational subsets as above.

On the topological space X we can define a presheaf 0x of complete topological rings

(complete always comprises Hausdorff) such that for any rational subset R(—") of X
we have ; y f f
ﬁ( (17" TL)):A< 17"'7n>’
9 9
the latter ring being the completion of A(L{==2) In particular,
ﬁX(X) = A.

Furthermore, there is a subpresheaf &% of Ox with

Fireosfone  firees s
O%(R(———+ P ))—A<—g )"

We say that a Huber pair (A, AT) is sheafy if the corresponding presheaf Oy on X =
Spa(A, A1) is a sheaf. In this case we speak of the structure sheaf Ox. If Ox is sheaf, O
is a sheaf, as well. The Huber pair (A, A") is known to be sheafy in the following cases:

(1) A has a noetherian ring of definition over which A is finitely generated.
(2) A is a strongly noetherian Tate ring.
(3) The topology of A is discrete.

Throughout this article we will only consider Huber pairs satisfying one of the above
conditions.
An adic space is a triple (X, Ox, (v;)zex ), Where

e X is a topological space,

e Ux is a sheaf of complete topological rings whose stalks are local rings,

e for every x € X, v, is an isomorphism class of valuations on Ox , whose support

is the maximal ideal of O .,
which is locally isomorphic to Spa(A, A™) for a sheafy Huber pair (A, AT).
Unfortunately, closed subsets of adic spaces do not carry the structure of an adic space

in general. Therefore, following [Hub96|, §1.10, we define prepseudo-adic spaces to be
pairs X = (X, |X|), where X is an adic space and |X| is a subset of (the underlying
topological space of) X. If Y is an adic space and Z is a subset of Y, we often use the
same letter Z to denote the prepseudo-adic space (Y, 7). A prepseudo-adic space X is
called pseudo-adic space if | X| is convex and pro-constructible. In particular, any closed
subset Z of an adic space Y defines a pseudo-adic space.
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3. THE STRONGLY ETALE AND THE TAME SITE

Recall from [Hub96|, Definition 1.6.5 i) that a morphism of adic spaces Y — X is étale
if it is locally of finite presentation and if, for any Huber ring (A, A™), any ideal I of A
with I? = {0}, and any morphism Spa(A, A™) — X the mapping

Homy (Spa(4, A"),Y) — Homy (Spa(4, A")/I,Y)

is bijective. Moreover, a finite extension of valued fields L|K is called unramified if the
strict henselizations in a fixed algebraic closure coincide: L = K®!. It is tame if the
degree of LS| K*! is prime to the residue characteristic. In case L|K is Galois, it is

unramified (tame) if and only if the inertia group (the ramification group) is trivial (see
[Ray70] and [EP05]).

Definition 3.1. A morphism of prepseudo-adic spaces f : Y — X is called strongly étale
(resp. tame) at a point y € |Y| if f is étale at y and the valuation |- (y)| is unramified
(resp. tame) over |- (f(y))|.- The morphism f is called strongly étale (resp. tame) if f is
so at every point of Y.

Note that by the following lemma the ring theoretic and valuation theoretic notions of
ramification are compatible.

Lemma 3.2. Let (k, k") be a complete affinoid field. An étale morphism Spa(A, A") —
Spa(k, k™) is strongly étale if and only if k™ — AT is étale.

Proof. By [Hub96], Cor. 1.7.3 iii) the ring homomorphism k — A is étale and AT is the
integral closure of an open subring of A which is of finite type over k™. (Note that since k
is a field, every étale homomorphism k& — B is finite étale. Hence, B is automatically
complete). Therefore, we may assume that A is a field and & — A is a finite separable
field extension. Let k7 be the integral closure of k™ in A. It is a semi-local Priifer domain
(Recall that a Priifer domain is an integral domain R such that its localization at each
prime is a valuation ring). As A" is a subring of A containing k7%, A" is a semi-local
Priifer domain, as well. More precisely, it is a localization of k}. This implies that
Spec AT — Speck? is an open immersion, as AT, being finitely generated over kT, is
finitely generated over k.

It suffices to check that Spa(A, AT) — Spa(k, k™) is strongly étale at the closed points
of Spa(A, A"). Similarly we can check the étaleness of k¥ — A1 at the maximal ideals
of AT. The closed points of Spa(A, AT) correspond to the maximal ideals of A*: If m
is a maximal ideal of AT, the corresponding closed point of Spa(A, AT) is given by the
valuation ring Af.

Let K|k be a finite Galois extension dominating A|k and write G for its Galois group.
Let m be a maximal ideal of A*. Choose a valuation v’ of K above the valuation v of A
associated with Af. It corresponds to a maximal ideal m’ of the integral closure of A
in K lying over m. Then, A|k is unramified at v if and only if the inertia subgroup I, C G
associated with v’ is contained in Gal(K|A). But I, coincides with the inertia group I
of m" and by |[Ray70|, Théoréeme X.1 the morphism Speck — Speck™ is étale in a
neighborhood of m if and only if I/ is contained in Gal(K|A). As Spec AT — Spec k| is
an open immersion, this proves the result. Il

Let X be a prepseudo-adic space. We define the following sites over X called the
strongly étale site X, and the tame site Xi:
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e The underlying categories of X, and X, are the categories of strongly étale and
tame morphisms f : Y — X, respectively.
e Coverings are families {f; : Y; — Y}ier of strongly étale, respectively tame,
morphisms such that
v1 = U (v,
iel

In order to show that this definition makes sense, we have to convince ourselves that
tameness and strong étaleness are stable under compositions and base change. But this
follows by combining the corresponding stability results of étaleness ([Hub96]|, Proposi-
tion 1.6.7) and extensions of valued fields ([EP05], §5).

In [Tem11] Temkin associates with a morphism of schemes X — S an adic space
Spa(X,S). The points of Spa(X, S) are triples (x, R, ¢), where x is a point of X, R is a
valuation ring of k(x) and ¢ : Spec R — S is a morphism compatible with Spec k(z) — S.
In case S is separated, ¢ is uniquely determined (if it exists) by (x, R). The topology of
Spa(X,S) is generated by the subsets Spa(X’,S’) of Spa(X, S) coming from commutative
diagrams

X — X

S — S
with X’ and S’ affine, X’ — X an open immersion and S’ — S of finite type. This
construction is compatible with Huber’s definition of the adic spectrum given in [Hub93b]:
If X = Spec A and S = Spec AT are affine and the homomorphism AT — A is injective
with integrally closed image, Spa(X,.S) coincides with Huber’s Spa(A, A™) (where A is
equipped with the discrete topology).

Pulling back the structure sheaf of X via the support morphism

supp : Z :=Spa(X,S) - X, (z,R,¢)—x
we obtain a sheaf of rings Oz on Z = Spa(X,S) making Z a locally ringed space with
OZ,(z,R,d)) = OX,J:-

For each point z = (z, R, ¢) denote by v, the equivalence class of valuations on k(z)
corresponding to R. We obtain an adic space (Z,0z, (v, | z € Z)) such that for each
rational subset U the topology on &7(U) is the discrete one. We call this type of adic
spaces discretely ringed adic spaces. Checking functoriality yields:

Lemma 3.3. The above assignment defines a functor

Spa : {morphisms of schemes} — {discretely ringed adic spaces}
(X = 9) = (Z=5Spa(X,S5),0z, (v, | z € 2)).

mapping morphisms of affine schemes to affinoid adic spaces.
Where no confusion can arise we write Spa(X, S) for the adic space
(Z = Spa(X,S),0z, (v, | z € Z)).

For a morphism of schemes X — S the tame site of X — S is defined to be the tame
site of Spa(X, ).
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4. OPENNESS OF THE TAME LOCUS

Our aim is to show that the strongly étale and the tame locus of an étale morphism of
adic spaces is open. The argument is similar to the one for Riemann Zariski spaces given
in [Tem17|. First we prove that strongly étale morphisms are locally of a standardized
form just as étale morphisms of schemes are locally standard étale. The proof of this
statement follows the arguments given in [SP, Tag 00UE].

Proposition 4.1. Let ¢ : Y — X be an étale morphism of schemes, y € Y and w a
valuation of k(y). Set © = ¢(y) and v = w|gw). Suppose that w is unramified in the
finite separable field extension k(y)|k(x). Then there exists an affine open neighborhood
Spec A of v and f,g € A[T] with f =T" + f, /T" '+ ...+ fo monic and f' a unit in

B = (A[T]/(f)),

such that Spec B is isomorphic over A to an open neighborhood of y and v(f;) < 1 for all
i=0,...,n—1and w(g) = 1 (viewing g as an element of B and w as a valuation of B).

Proof. We may assume that X = Spec A and Y = Spec B are affine. Denote by p C A
and q C B the prime ideals corresponding to x and .

There exists an étale ring homomorphism A, — By with A, of finite type over Z and a
ring homomorphism Ay — A such that B = A®4, By. Denote the image of y in Spec B
by yo and the restriction of w to k(y) by wy. Then it suffices to prove the lemma for
Spec By — Spec Ag and (yo, wp) instead of ¢ and (y,w). Hence, we may assume that A
is noetherian.

By Zariski’s main theorem there is a finite ring homomorphism A — B’, an A-algebra
map 3 : B' — B, and an element 0’ € B’ with (V') ¢ q such that Bj, — Bgy) is an
isomorphism. Thus we may assume that A — B is finite and étale at q.

By Lemma 3.2 the valuation ring 0, C k(y) associated with w is a local ring of an
étale O,-algebra, where 0, C k(x) is the valuation associated with v. Hence, there are
polynomials f,g € O,[T] with f monic and and

1) J e (0T ())

such that O,, is isomorphic over O, to a local ring of (O, [T}/(f))g Then v(f(T)) < 1,

1
v(g(T)) < 1,w(g) = 1, and the image € O,, of T generates the field extension k(q)|k(p).
Write
(2) B®ak(p) = HBi
i=1

with local, Artinian rings B; such that q is the maximal ideal of By, i.e. By = By/pB, =
k(q). Denote by qa, ..., q, the prime ideals of B corresponding to the maximal ideals of
B, ..., B,, respectively. Consider the element

b=(B,0,...,0) € [[ B = B®@ak(p).
i=1
There is A € A whose residue class A € k(p) is non-zero such that Ab lies in the image
of B. After replacing A by Ay, we may assume that A € A*. We can thus lift b to an
element b € B.
Let I be the kernel of the A-algebra homomorphism A[T] — B mapping T" to b. Set
B’ = A[T]/I and denote by q' the preimage of q in B’. Then in the same way as in
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[stacks project, Tag 00UE] we obtain Bj, = B,. Therefore, we may replace B by B’ and
henceforth assume that
B = A[T]/I.

The image I of I in k(p)[T] is a principal ideal generated by a monic polynomial h.
According to the decomposition (2) we obtain a decomposition of h into monic irreducible
factors:

A TR T
In particular, by = f, which is a separable polynomial.

Possibly replacing A by Ay for A € A as before we can lift h to a monic polynomial
f € 1. Similarly, by (1), we can lift some power of g € k(p)[T] to a polynomial g € A[T]
of the form g = ay f + aof’ for some ay,ay € A[T]. We obtain a surjection

p AT/(f) = B=A[T]/1

mapping ¢ to an element b of B\q with w(b) = 1.

Since A — B is étale at q, there is i € B\q such that A — Byy is étale. We can find
a’ € A such that v(a’) = w(d') as w|v is unramified. Upon replacing A by A, we may
assume that ' € A*. Then w(bl’/a) = 1 Choose a preimage ¢’ under ¢ of bb'/a’. Then ¢
induces an étale surjection

Py - (A[T]/(f))g/ — Bgo(g’) = Bbb’/a’a

which is thus a localization. Modifying ¢’ further in the same way as above we achieve
that ¢4 is an isomorphism. U

Corollary 4.2. Let ¢ : Y — X be an étale morphism of adic spaces and y € Y a point
where ¢ is strongly étale. Then there exist an affinoid open neighborhood Spa(A, AT)
of x := ¢(y), an affinoid open neighborhood V' of y, and f,g € A[T] with f = T" +
foo1T™ Y+ ...+ fo monic and f' a unit in

B = (A[T/(1)),

such that |f;(z)| <1, |g(y)| = 1 and V is X-isomorphic to Spa(B, BY) where BT is the
integral closure of an open subring of B which is algebraically of finite type over AT.

Proof. We may assume that X = Spa(R,R") and Y = Spa(S,S™) are affinoid. By
[Hub96], Corollary 1.7.3 iii) étale morphisms are locally of algebraically finite type. More
precisely, for every étale morphism Z — Spa(R, RT) of affinoid adic spaces there is an
étale ring map R — C of finite type and a ring of integral elements Ct C C' which is the
integral closure of a subring of C' of finite type over C* such that Z = Spa(S,S™) over
(R, R"). Hence, we may assume that (R, RT) — (5,57) is of algebraically finite type
and R — S is étale (in the algebraic sense). Denote by x the image point of y in X. By
Proposition 4.1 there exist an affine open neighborhood Spec A of suppx € Spec R and
f,g € A[T] with f =T"+ f, /T" '+ ... fo monic and f’ a unit in

B = (A[T/(f)),
such that Spec B is isomorphic over A to an open neighborhood of suppy, |fi(z)] <1
and [g(y)| = 1.

Set U = Spa(R, R") Xgpecr Spec A. This is an open subspace of X = Spa(R, R").
By construction of the fiber product (see [Hub94|, Proposition 3.8), U is glued together
from affinoid adic spaces of the form Spa(A, Af) for i € IN and where A is the in-
tegral closure in A of a finite type R*t-subalgebra of A. Choose ¢ € IN such that
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r € Spa(A, Af) and set AT := Af. Similarly, we find an open affinoid neighborhood
of y in V= Spa(A, A") Xgpeca Spec B of the form Spa(B, B") such that BT is the
integral closure in B of a finite type A*-subalgebra of B. This finishes the proof. O

Corollary 4.3. Let ¢ : Y — X be an étale morphism of adic spaces. The subset of Y
where ¢ is strongly étale, is open.

Proof. Let y € Y be a point where ¢ is strongly étale and set = ¢(y). By Corollary 4.2
we may assume that X = Spa(A, AT) and Y = Spa(B, BT) as in the statement of the
corollary. Then ¢ is strongly étale at any point y' € Y with | fi(¢(v/))| < 1 and |g(y')| = 1.
Indeed, set 2/ = p(y') and denote by f and g the residue classes of f and g in k(2/)[T).
We obtain an étale ring extension k(z')* — (k(x’)*[T]/(f))g Since |g(y')| = 1, k(y')" is
a localization of (k(x’)*[T]/(f))g The subset {y" € Y [ [fi(y')| < 1 V4, [g(y')| =1} of ¥
is open and thus we are done. U

Corollary 4.4. Let ¢ : Y — X be an étale morphism of adic spaces. The subset of Y
where ¢ is tame, is open.

Proof. We may assume that X = Spa(A, A™)and Y = Spa(B, B") are affinoid. Lety € Y’
be a point where ¢ is tame and set x := ¢(y). By Abhyankar’s lemma ([SGA1]|, Exp. XIII,
Proposition 5.2), there are non-zero elements as, ...,a, € k(z) and an integer m prime
to the residue characteristic of k()" such that any lift to k(z)[wm, /a1, .., ¥/a,) of the
valuation corresponding to x is unramified in

We may choose the a; as images of some a; € A. Replacing Spa(A, AT) by a rational

open neighborhood of z we may further assume that a; € A* and that m is invertible
on Spec A*. The ring homomorphism

A— A ::A[TO,TI,...,Tn]/(TgL—1,T1m—a1,...,T7§”—an)

is finite étale. Set X’ := Spa(A’, A’") where A" is the integral closure of A" in A’. Then
X’ — X is tame. Moreover,
Y=Y xx X = X

is strongly étale at any lift of x to X’. Fix such a lift 2’ € X’. We find a point 3y’ € Y’ lying
over 2" as well as y ([Hub96], Corollary 1.2.3 iii) d)). Denote by ¢’ the morphism Y’ — X’
and by v the morphism X’ — X. By Corollary 4.3 there is an open neighborhood V' C Y’
of ¢’ such that V' — X’ is strongly étale. Then V' — X is tame. Since étale morphisms
are open (|[Hub96], Proposition 1.7.8), the image V' of V'’ in Y is an open neighborhood
of y and moreover, V' — X is tame. U

5. LIMITS OF ADIC SPACES

In [Hub96], § 2.4 Huber defines the notion of a projective limit of adic spaces: Let A be
the category of quasi-compact, quasi-separated pseudo-adic spaces with adic morphisms.
We consider a functor p from a cofiltered category I to A and write X; for p(:). Let
c¢: I — A be the constant functor to some object X of A and

pic—p, i (i X = X))
a morphism of functors. We say that X is a projective limit of the X; and write
p: X ~limX;
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if the following conditions are satisfied:

(1) Denote by lim; | X;| the projective limit in the category of topological spaces. Then
the natural mapping

W | X = lim | X

induced by ¢ is a homeomorphism
(2) For every x € |X]|, there is an affinoid open neighborhood U of = such that the
subring

U im(g; : Ox, (V) = Ox(U))
(&V)

of Ox(U) is dense where the union is over all pairs (i,V) with ¢ € I and V an
open subset of X; with ¢ (U) C V.

In this situation we have the following proposition (|[Hub96|, Proposition 2.4.4):

Proposition 5.1. Let

Q: Xgx I — (Xi,ét)iel

be the morphism of topoi fibered over I which is induced by the p; : Xét — )N(Lét. Assume

that ¢ : X ~ lim; X;. Then (X, ¢) is a projective limit of the fibered topos (X ¢)icr-

In order to prove this proposition Huber proceeds as follows: For each i € I de-
note by X; & sp. the restricted étale site, i.e. the site consisting of those objects in X; 4
whose structure morphisms are quasi compact and quasi-separated ([Hub96|, (2.3.12)).
The topos associated with the projective limit site g of the fibered site (X g fp. )icr 1S

isomorphic to the projective limit of the fibered topos (X e)icr. Moreover, (X, @) is
isomorphic to the topos associated with the site X , which is defined as follows (|[Hub96],
Remark 2.3.4 ii)): The objects are the étale morphisms to X and the morphisms ¥ — Z
are the equivalence classes of X-morphisms Y/ — Z where Y’ is an open subspace of Y

with |Y’| = |Y'| and two morphisms are equivalent if they coincide on an open subspace V'
of Y with |V| = |Y|. There is a natural morphism of sites
N Xag = X

for which Huber proves that the conditions in the following proposition ([Hub96]|, Corol-
lary A.5) are satisfied:

Proposition 5.2. Let f : C' — C" be a morphism of sites. The induced morphism of
topoi f : C'— (' is an equivalence if f satisfies the following conditions.

(a) In C" there exist finite projective limits and f~' commutes with these.

(b) Every X € ob(C') has a covering (X; — X);es in C such that every X; € ob(C) lies
in the image of the functor f=1.

(¢) A family (X; — X);er of morphisms in C' is a covering in C" if (f~(X;) — f~1(X))
is a covering in C.

(d) For every X € ob(C), Y € ob(C') and (¢ : X — f~1(Y)) € mor(C'), there exist a
covering (v; : X; — X) of X in C, and, for everyi € [ a'Y; € ob(C"), a (1, : Y; —
Y) € mor(C’) and a (p; : X; — f~4Y;)) € mor(C) such that, for every i € I the
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diagram in C'

X; —— [y

%‘l lf “L(m)

-1
X — fHY)
commutes and p; : X; — f~1(Y;) is an epimorphism and a covering of f~(Y;) in C.

We are now going to prove an analogue of Proposition 5.1 for the tame and the strongly
étale topos:

Proposition 5.3. In the situation of Proposition 5.1 the topos (X, p) is a projective
limit of the fibered topos (X; sat)icr and (X¢, @) is a projective limit of the fibered topos

(Xit)ier-

Proof. We check that the strongly étale and tame analogues Ay and \; of A satisfy the
conditions of Proposition 5.2:

(a) is true because X, and X; have fiber products and a terminal object.

(b). Let Z — X be strongly étale. In particular, it is étale. In the proof of Proposi-
tion 5.1 Huber constructs an open covering Z = UjEJ Zj such that Z; is X-isomorphic
to an open subspace of Y; x x, X for some ¢ € [ and Y; — X, in X ¢ ¢, with |Z;| = |Y}|.
We have to find & — ¢ in I such that

wkSYkI:YZ’XXiXk—)Xk

is strongly étale. By Corollary 4.3 for every k — i the set of points in |Y| where 1 is
not strongly étale is closed, hence compact in the constructible topology (note that |Yj|
is locally constructible by the definition of a pseudo-adic space and quasi-compact as
| X%| is quasi-compact and Y, — X, is qeqgs). Therefore, its image Dy, in | Xj| is compact
in the constructible topology of |Xj|. We write D for the set Dy equipped with the
constructible topology. For a : k — k' denote by

ua:ik_}Kk:’

the transition map and by
ug : X — X,

the natural projection. Then u, and w; are continuous for the constructible topology
by [Hub93b], Proposition 3.8 (iv). Since the property of being strongly étale is stable
under base change,

’lLa(Dk) g Dk/.

Furthermore, the assumption that Z — X is strongly étale implies that

lim Df = () w' (D5 = 2.
k—1
Since the projective limit of nonempty compact spaces is nonempty, there is k& — 4 such
that Df = @. In other words Y}, — X}, is strongly étale. The proof for the tame topology
is the same except for using Corollary 4.4 instead of Corollary 4.3.
(c) is obvious by the corresponding statement for the étale site and the proof for (d) is
the same as for the étale site. U
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Corollary 5.4. In the situation of Proposition 5.1 assume that iy € I is a final object.
Let Fy be a sheaf of abelian groups on X, 4. For i € I denote by F; its pullback to X s¢
and by F its pullback to X,s. Then the natural map
CQHIHI H?(X;, Fi) — H?
1€

sét sét

(X, F)

is an isomorphism for all p > 0. Moreover, the analogous statement holds for the tame
site.

Corollary 5.5. Let S be an adic space and T € {ét,t,sét} In the situation of Propo-
sition 5.1 assume that X; are adic spaces over S with compatible quasi-compact quasi-
separated structure morphisms g; : X; — S. We write g : X — S for the resulting
morphism. For every i € I let F; be an abelian sheaf on (X;), and for all a : i — j let
P : o F; — F; be compatible transition morphisms. Denote by F the sheaf colim; ¢} F;.
Then for all p > 0

RPg, F = collim RPg;  F;.

6. POINTS OF THE STRONGLY ETALE AND TAME TOPOS

Definition 6.1. (i) A Huber pair (A, AT) is local if A and A" are local, AT is the
valuation subring of A associated with a valuation whose support is the maximal
ideal of A, and the maximal ideal m™ of AT is open.

ii) (A, AT) is henselian if it is local and A7 is henselian.

(ili) (A, A1) is strongly henselian if it is local and AT is strictly henselian.

(iv) A strongly henselian Huber pair (A, A™) is tamely henselian if the value group of the
associated valuation v is a Z[-]-module, where p denotes the residue characteristic

1
p
of v.

Lemma 6.2. An adic space X is the spectrum of a local Huber pair if and only if X has
a unique closed point x and any other point specializes to x.

Proof. Suppose that every point of X specializes to x. Then every affinoid open neigh-
borhood of = must contain all points of X. Hence X = Spa(A, AT) for a complete Huber
pair (A, AT). Let m C A denote the support of z. Suppose there is a maximal ideal
m’ C A different from m. By [Hub94], Lemma 1.4 there is a point y € Spa(A, A™) whose
support is m’. But y does not specialize to =, hence A is local with maximal ideal m.

Let a be an element of A which is not contained in A*. We want to show that a is a
unit in A and 1/a € A*. Then we are done by [KZ02|, Theorem 1.2.5. Let A7 denote
the integral closure of A*[1/a] in A,. Then

1
R(-) = Spa(A,, AZ)
a
is a rational subset of X. Since a ¢ AT, there is y € X with |a(y)| > 1. But y specializes
to x and thus |a(x)| > 1. In particular, a is invertiblein Aasa ¢ m = {b € A | |b(x)| = 0}.

This implies that A, = A and in particular, that (A,, AJ}) is complete. Moreover, x is
contained in Spa(A,, A7). We conclude that Spa(A,, A7) = X and 1/a € AT. O

In view of the lemma we say that a pseudo-adic space X is local if X is the adic
spectrum of a local Huber pair and the closed point of X is contained in | X]|.

Lemma 6.3. For a pseudo-adic space X, the following conditions are equivalent:
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(i) There is x € | X| such that for every strongly étale (tame) morphism of prepseudo-
adic spaces f 1Y — X and every y € |Y| with f(y) = x there is an open neighbor-
hood U of y such that f induces an isomorphism U — X.

(ii) X is local and every strongly étale (tame) covering of X splits.

(iii) X is strongly (tamely) henselian.

Proof. 1f (i) is true, z is the unique closed point of X as otherwise we get a contradiction
by taking for f an open immersion which is not an isomorphism. Hence, X is local by
Lemma 6.2. Moreover, it is clear by condition (i) that every covering of X splits. This
shows that (i) implies (ii).

Assuming (ii), X = Spa(A, AT) for a local Huber pair (A, A") by Lemma 6.2. Let us
show that AT is strictly henselian. Let A™ — B™T be finite étale and set B = BT ®@ 4+ A.
Then BT is integrally closed in B as this property is stable under smooth base change.
Furthermore,

(A, AT) — (B,B™)
is a finite strongly étale morphism of Huber pairs by Lemma 3.2. By assumption
Spa(B, BT) is a finite disjoint union of adic spaces isomorphic to X. This implies (iii) in
the strongly étale case.

In the tame case it remains to show that the value group I' of the valuation | - |
corresponding to the closed point of X is divisible by all integers prime to the residue
characteristic of A*. Take v € T" and an integer m prime to the residue characteristic
of AT. We have to find ' € T with m~' = v. We may assume that v < 1. Otherwise we
replace v by its inverse. Take a € A with |a| = . Then a € A* N AT, Set

BY = A*[T)/(T™ —a) and B =B* @, A= A[T)/(T™ - a).

We obtain a finite tame morphism ¢ : (A, A%) — (B,B"). As above, Spa(B, B")
is a finite disjoint union of adic spaces isomorphic to Spa(A, AT) via ¢. Choose any
connected component Spa(C,C*) of Spa(B, BT). The image of T in C corresponds via
© to an element of A with valuation equal to +'.

In order to show that (iii) implies (i) assume that X equals the spectrum of a strongly
(tamely) henselian Huber pair (A, A™) and that the closed point z of X is contained in | X|.
Let f : Y — X be astrongly étale (tame) morphism and y € |Y| with f(y) = x. Replacing
Y by an open neighborhood of y we may assume that Y is affinoid and connected. By
[Hub96|, Corollary 1.7.3 iii), there is a Huber pair (B, Bt) of algebraically finite type
over (A, AT) such that A — B is étale and Y = Spa(B, B*). The closed point of Spec A
is the support of . Hence, the support of y provides a preimage of the closed point of
Spec A. As A is henselian and Spec B is connected, B is local and finite étale over A.
Let C'* be the integral closure of AT in B. We obtain a diagram

Spa(B, BT) « > Spa(B,C™)

\ /

Spa(A, A™)

As AT is henselian, C'" is local. In the strongly étale case this implies already that C* is
isomorphic to A*. In the tame case this follows by Abhyankar’s lemma. Since Spa(B, B™)
contains y, we conclude that (A4, A") = (B, B") = (B,C"). d

Definition 6.4. A prepseudo-adic space X is called strongly (tamely) local if X satisfies
the equivalent conditions of Lemma 6.3. A strongly étale (tame) point (in the category
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of prepseudo-adic spaces) is a strongly (tamely) local pseudo-adic space S such that S is
the spectrum of an affinoid field and |S| = {s} where s is the closed point of S.

In [Hub96|, Proposition 2.3.10 Huber proves the following:

Proposition 6.5. Let X be an adic space and x a point of X. Let K be the henselization
of k(x) with respect to the valuation ring k(x)*. Then the étale topos (X, {z}), of the
pseudo-adic space (X, {z}) is naturally equivalent to the étale topos (Spec K)3,.

Restricting to the strongly étale and tame site, respectively, we obtain:

Corollary 6.6. In the situation of Proposition 6.5 let Kt be an extension of k(z)" to K.
Let K, and K; be the maximal extensions of K where K* is unramified and tamely
ramified, respectively. Set G,, = Gal(K,,|K) and G; = Gal(K;|K). Then the strongly
étale topos (X, {z}), of (X, {x}) is naturally equivalent to the topos (Spec K},)~, which
in turn is equivalent to the topos of Gy,-sets, and the tame topos (X, {x})y is naturally
equivalent to the G,-sets.

Corollary 6.7. For every strongly étale point S the global section functor
(S, —): Ss — sets
is an equivalence of categories. Analogously for tame points.

Definition 6.8. For a strongly étale point u : £ — X of a prepseudo-adic space X and
a sheaf F on X4 we define the stalk of F at &:

JT"g = F(é‘,u*]—").
and for tame points and sheaves on X, accordingly.

For a strongly étale or tame point u : & — X of a prepseudo-adic space X we consider
the category C¢ of pairs (V,v) where V is an object of the strongly étale or tame site,
respectively, and v : £ — V is a morphism over X. The same argument as for the étale
site (see [Hub96|, Lemma 2.5.4) shows:

Lemma 6.9. The category C¢ is cofiltered. For every presheaf P on X, or X, respec-
tively, there is a functorial isomorphism

(aP)e = (ggherg&?’(V)

where aP denotes the sheaf associated with P.

For a strongly étale (tame) point & of the prepseudo-adic space X we define a strongly
étale (tame) prepseudo-adic space X, the strong (tame) henselization of X at &: Set

ﬁX,{ = lim ﬁK(V)

( UEC&

t = i +
e (e, )

and equip these rings with the following topology: Let (V,v) be an object of C¢ with V'
affinoid. Choose an ideal of definition I of a ring of definition of &y (V) and take

to be a fundamental system of neighborhoods of zero. Asin [Hub96|, (2.5.9) this topology
is independent of the choice of (V,v) and I and (Oy(V), 0 (V)) is a Huber pair. Put

X, :=Spa(0y(V), 7 (V))
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and
Xl= () ek, (VD.
(Viw)eCe
where Py is the natural morphism X, — V. We obtain a strongly (tamely) henselian

prepseudo-adic space
Xe = (X, [Xe).
We call X, the strong (tame) localization of X at . Let D¢ be the full (cofinal) subcat-
egory of C¢ consisting of those pairs (V,v) in C¢ with affinoid V and quasi-compact |V].
Then X¢ is a projective limit of the spaces V for (V,v) € D in the sense of [Hub96],
(2.4.2). In particular, the results of Section 5 apply.
Over every point x € |X| we can choose a geometric point

= (Spa(k(z), k(x)"), {s})
such that k(x) is a separable closure of k(z) (see [Hub96], (2.5.2)). Restricting to the

maximal unramified and the maximal tamely ramified extension, respectively, yields a
strongly étale and a tame point

Tat = (Spalknr (), knr(£)), {ssa}), 2 = (Spalke(x), ke(2)"), {s1}),

where k,,(z) and k;(z) are the maximal unramified and maximal tamely ramified subex-
tensions of k(z)|k(x). From Lemma 6.9 we conclude that these are enough points:

Corollary 6.10. The families of functors
(Xsét — sets, F +— Fyp ., )ac|x| and ()NQ — sets, F = Fu,)ze|X|
are conservative.

Proof. Let F be a sheaf on X4 and assume that F,_,, = 0 for all z € | X|. Take a strongly
étale morphism f : U — X and an element a € F(U). By Lemma 6.9 we find for each
u € |U| a strongly étale neighborhood U, — X of f(u)s¢ factoring through (U, ) such
that a|y, = 0. The U, — U comprise a covering of U, whence a = 0. U

Proposition 6.11. Let X be a prepseudo-adic space, ¢ — X a strongly étale (tame)
point of X with support x € | X|.

(i) Assume x is analytic. Consider the natural morphisms
Dsét - Spa(knr(x)y knr(x)+> — X: Pt - Spa(kt($)7 kt<$>+) — l
Then
Xe = (Spalknr (), kur (2)), pia(IX])) or Xe 2= (Spalke(z), ki(z) "), py (| X])),

according to whether & is a strongly étale or a tame point of X .

(i) Assume that x is non-analytic. Take an affinoid open neighborhood U = Spa(A, A™)
of x. Let (B, BT) be the strong (tame) henselization of (A, A") and equip B with
the I - B-adic topology where I is an ideal of definition of a ring of definition of A.
Then (B, BY) is a Huber pair. Let p be the natural morphism Spa(B, Bt) — X.
Then

Xe = (Spa(B, BY),p~ (X))

Proof. The argument is the same as the proof of the corresponding statement for the
étale site (|[Hub96|, Proposition 2.5.13). O
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7. TOPOLOGICAL INVARIANCE

In this section we prove some assertions concerning the topological invariance of the
tame cohomology. They are in analogy with the respective results concerning the étale
topology.

Proposition 7.1. Let X — Y be a morphism of adic spaces which induces an isomor-
phism on the underlying reduced adic spaces. Then

U—Uxy X

defines an equivalence of categories X, — Y;. In particular, the topoi Sh(X,) and Sh(Y;)
are equivalent.

Proof. Without loss of generality we may assume that X and Y are affinoid. Moreover, it
suffices to prove that U — U xy X defines an equivalence of the subcategories of affinoid
spaces in X, and Y,, respectively. The general statement follows by glueing. Write
X = Spa(A, AT) and Y = Spa(B, B"). By [Hub96|, Corollary 1.7.3, the affinoid adic
spaces that are étale over X are precisely the open subspaces of adic spaces of the form
Spa(R, RT) with R étale over A and R" the integral closure of AT in R and analogously
for Y. By |[EGA4.4], 18.1.2, the assignment S +— S ®p A defines an equivalence of
the categories of étale B-algebras and étale A-algebras. Moreover, for S étale over B
and ST the integral closure of B* in S, the categories of open subspaces of Spa(S,S™)
and Spa((S,S™) @B+ (A, AT)) are equivalent as they only depend on the underlying
topological space. We conclude that X4 and Yy, are equivalent. In order to see that this
is also true for the tame and strongly étale sites it suffices to note that the properties of
being tame or strongly étale only depend on the underlying reduced subspaces. U

The following two results are analogs of the excision theorems in étale cohomology.

Lemma 7.2. Consider the following diagram of adic spaces

2y — X > U’
Zred © y X < > U,

where Z' — X' and Z — X are closed immersions with open complements U" and U,
respectively, m is a morphism in X, and Z!,, — Z. is an isomorphism. Then for any
sheaf F on X, and any i > 0 we have

H, (X, F) = Hy (X', Flx).

Proof. The proof is the same as for the étale topology on schemes (see [Ful5|, Proposi-
tion 5.6.12). U

Proposition 7.3. Let X be an adic space and x € X a Zariski-closed point (i.e., © =
Spa(k(z), k(x)) and Spa(k(z), k(x)) — X is a closed immersion). Then for any sheaf F
on X, and any i > 0 we have

H,(X, F) = H,(X;, F),

where X" denotes the henselization of X at x.
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Proof. As T-cohomology commutes with limits by Corollary 5.4, we have

H.(X! F)= colim H(Y,F),

(Yy)—=(X,z)

where the colimit runs over all pointed étale morphisms (Y, y) — (X, z) such that k(y) =
k(x). We can as well restrict to pointed morphisms (Y,y) — (X, z) in X, as every étale
morphism (Y,y) — (X, z) as above is strongly étale, hence tame, at y and the strongly
étale locus is open (Corollary 4.3). For a pointed morphism (Y,y) — (X, z) in X, with
k(y) = k(z) we know by Lemma 7.2 that

H(Y, F) = HL(X, F). O

8. COMPARISON WITH ETALE COHOMOLOGY

Lemma 8.1. Let (A, A") be a henselian Huber pair. Denote by k the residue field of A
and by k™ the residue field of A™. Choose a separable closure k of k and denote by v the
continuation of the valuation of k corresponding to the closed point of Spa(A, A™). This
defines a geometric point { — Spa(A, A™) which we can also view as tame and strongly
étale point. Write k' for the maximal subextension of k|k where v is tamely ramified.
Then for any abelian sheaf F on Spa(A, AT) g and any ¢ > 0
Hi’t(spa(A7A+)7‘F) = HZ(GkMFE)a

for any sheaf F on Spa(A, A")s¢ and any i > 0

Hzét(spa(Aa A+)7‘F) = Hi(Gk+>‘FE)7
and for any sheaf F on Spa(A, A"); and any i >0

H{(Spa(A, AY), F) = H'(Gal(k'|k), F).

Proof. This follows using the Hochschild-Serre spectral sequence for Gy, G+ (which can
be identified with the Galois group of the maximal unramified subextension of k|k) and
Gal(k*|k), respectively. O

For a prepseudo-adic space X we write char™ (X) for the set of characteristics of the
residue fields of O , for z € |X]|

Proposition 8.2. Let X be a prepseudo-adic space and and F a torsion sheaf on X4
with torsion prime to chart(X). Then the morphism of sites ¢ : X4 — X, induces
isomorphisms

H{(X, p.F) — Hy(X, F)
for all i > 0.

Proof. We have to show that for any tame henselian (A, A™) and any torsion sheaf G on
(A, A™) 4 with torsion prime to the residue characteristic p of A" the cohomology groups

Hi’t(spa(/L A+>7 g)
vanish for all 7 > 1. By Lemma 8.1 these cohomology groups equal
HZ(Gk’a gf)a

where k& and £ are defined as in Lemma 8.1. But Gy is a pro-p-group (see [EP05],
Theorem 5.3.3) and G is a torsion Gj-module with torsion prime to p. Therefore, the
above cohomology groups vanish. O
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Lemma 8.3. Let X — S be a morphism of schemes and F a torsion sheaf on X. Then
the morphism of sites

¥ Spa(X, S)a — Xe
induces isomorphisms
Hét(X, V*F) — Hét(Spa(X, S), F).
for all i > 0.
Proof. If X and S are affine, the result is a special case of [Hub96|, Theorem 3.3.3. Let us

now assume that S is affine and X is arbitrary. By virtue of the Leray spectral sequence
associated with 1, it suffices to show

bt F S F and (R (" F) =0 for i > 0.

These assertions are local on X. Hence, we are reduced to the affine case.
The next step is to only require S to be separated. We choose an open covering U of S
by affine schemes S;. It induces an open covering V of Spa(X, S) by the open subspaces

Spa(X Xg Si, Sz) - Spa(X, S)
We obtain a morphism of Cech-to-derived spectral sequences

H(U, H (F)) =——= H'Y(X,F)

| |

HI (V. (0 F)) == H'*(Spa(X, §), 0" F).

The separatedness assumptions assures finite intersections of the S; to be affine. There-
fore, we can use the previous case to conclude that all vertical morphisms on the left are
isomorphisms Hence, the right vertical morphism is an isomorphism. The general case
follows from the case where S is separated by the same argument using a covering of S
by separated open subschemes. O

Combining Lemma 8.3 with Proposition 8.2 we obtain:

Corollary 8.4. Let X — S be a morphism of schemes and F a torsion sheaf on X4
with torsion prime to the residue characteristics of S. Then the morphisms of sites

Spa(X, S); PR Spa(X, S)e BN Xt

induce isomorphisms . ‘
HZ(Spa(X, S)7 ¢*¢*f> = Helft(XJ ‘F)
for all i > 0.

We prove the following comparison of tame and strongly étale cohomology.

Proposition 8.5. Let X be an adic space with char™(X) = p > 0 (i.e., for any point
x € X the localization X, is of the form Spa(A, A") such that the residue characteristic
of At is p). Then for any p-torsion sheaf F on X, the natural morphism of sites

()OIXt%Xsét

induces isomorphisms
HZ(Xséh QO*F) ;> Hl(Xtu F)
for every integer 1.
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Proof. We have to show that the stalks of the higher direct images R‘p,F vanish. Let T
be a geometric point of X,4. The strict localization X% is of the form Spa(A, AT)
with (A, AT) local and AT strictly henselian. For the stalk of Rip,F at T we get by
Corollary 5.4 and Lemma 8.1

R'o,Fr = H(Spa(K, A),, F) = H (Gal(k'|k), Fz),

where kf|k is the maximal tamely ramified extension of the residue field of A with respect
to the valuation corresponding to z. But by assumption F is a p-torsion sheaf and as
AT is strictly henselian, Gal(k*|k) has trivial p-Sylow subgroups. Therefore, the above
cohomology group vanishes by [NSW08|, Proposition 1.6.2. O

The above proposition tells us that for p-torsion sheaves tame and strongly étale coho-
mology coincide. Moreover, by Proposition 8.2, for torsion sheaves with torsion invertible
on X, tame cohomology coincides with étale cohomology. In that sense the tame topology
is a bridge between étale and strongly étale cohomology.

Lemma 8.6. Let X — S’ be a morphism of schemes and S’ — S a proper morphism of
schemes. Then

Spa(X,S") = Spa(X, S).

Proof. As S’ — S is finitely generated and separated, the natural morphism Spa(X, S") —
Spa(X,S) is an open immersion. In order to check surjectivity take a point (z, R, ) €
Spa(X,S). The morphism ¢ : Spec R — S lifts (uniquely) to a morphism ¢’ : Spec R —
S” by the valuative criterion for properness. Hence, (z, R, ¢') is a preimage in Spa(X.5’)
of (z, R, ). O

Lemma 8.7. Let X be scheme and let T € {t, sét, ét} be one of the topologies. Then the
center map ¢ : Spa(X, X) — X induces for every sheaf F on (Spa(X, X), isomorphisms

Hi’t(Xa C*’F) ;> H;(Spa(XaX)wF)
for all + > 0.

Proof. 1t is easy to check that ¢ induces morphisms of cites Spa(X, X), — X¢ by mapping
an étale morphism Y — X to the strongly étale (and thus étale and tame) morphism
Spa(Y,Y) — Spa(X, X). We need to check that the higher direct images of F vanish.
In order to do so we may assume that X is strictly henselian. But then Spa(X, X) is
strictly local (so in particular tamely and strongly local) and thus its cohomology groups
vanish in degree greater than zero. U

Combining Lemma 8.7 with Lemma 8.6 we obtain the following

Corollary 8.8. Let X — S be a proper morphism of schemes and let T € {t, sét, ét} be
one of the topologies. Then the center map c : Spa(X,S) = Spa(X, X) — X induces for
every sheaf F on (Spa(X,S), isomorphisms

Hi(X, e, F) = H (Spa(X, S), F)

for all + > 0.
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9. COMPARISON WITH THE TAME FUNDAMENTAL GROUP

Let X be a regular scheme of finite type over some base scheme S. Suppose there is a
compactification X of X over S such that the complement of X in X is the support of a
strict normal crossing divisor D. Then, following [SGA1|, Exp. VIII, § 2, we can study
finite étale covers of X which are tamely ramified along D. This results in the definition
of the tame fundamental group =t(X/S, ) for some geometric point Z of X.

Under less favorable regularity assumptions, there are several approaches to define the
tame fundamental group. We only state the two of these which we use in this section.
Fix an integral, pure-dimensional, separated, and excellent base scheme S. In [Wie08|
Wiesend introduces the notion of curve-tameness. It has been slightly extended by Kerz
and Schmidt in [KS10] to the following definition: A curve over S is a scheme of finite
type C over S which is integral and such that

dimg C' := trdeg(k(C)|k(T)) + dimgyun T = 1,

where T denotes the closure of the image of C' in S. Any curve C' has a canonical
compactification C' over S which is regular at the points in C — C. Hence, we can define
tameness over C' as in [SGAIL]: A finite étale cover C" — C by a connected, hence
integral, curve C’ is tame at a point ¢ € C' — C' if the corresponding valuation of the
function field of C' is tamely ramified in the extension of function fields k(C")|k(C). For
a general finite étale cover C' — C' we require tameness for each connected component
of C'. Given a scheme X of finite type over S, a finite étale cover Y — X is curve-tame
if the base-change to any curve C' — X is tamely ramified outside C' x x Y.

Let us recall next the notion of valuation-tameness considered in [KS10]. A finite étale
cover Y — X of connected, normal schemes of finite type over S is valuation-tame if
every valuation of the function field k(X) with center on S is tamely ramified in the
finite, separable field extension k(Y)|k(X).

This section is concerned with comparing the fundamental group of the tame site with
the curve-tame and the valuation tame fundamental group. In order to do so we need to
relate tame covers with torsors in the tame topos.

Lemma 9.1. Let 7 : Y — X be a surjective étale morphism of discretely ringed adic
spaces. Then 7 satisfies descent for finite morphisms.

Proof. The same arguments as for schemes reduce us to the case where X = Spa(A, A™)
and Y = Spa(B, BT) are affinoid. Then Spec B — Spec A is a surjective étale morphism
of schemes. Moreover, finite morphisms to X and Y correspond to finite A-algebras and
B-algebras, respectively. Hence, we can apply descent theory for schemes (|[SGA1|, Exp.
VIII, Théoréme 2.1) to obtain the result. O

Corollary 9.2. Let 7 € {ét,t,sét} be one of the topologies on a discretely ringed adic
space X. Let F be a torsor in Sh(X,) for some finite group G. Then F is represented
by a finite Galois morphism Y — X in X, with Galois group G.

Proof. Let X’ — X be a covering of X such that F|x: is trivial, hence represented by
[ X' — X'. By Lemma 9.1 the morphism 7" descends to a finite Galois morphism
m:Y — X in X, representing F. O

For a geometric point Z of a connected, locally noetherian adic space X we want to de-
fine the fundamental group of the corresponding pointed site (X, z) (for 7 € {ét, t, sét}).
To be more precise, we want a pro-finite group 77 (X, z) that classifies finite torsors, i.e.
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for every finite group G the set of isomorphism classes of G-torsors in Sh(X;) should be
given by
Hom(7] (X, z),G).

In [AM69], §9 Artin and Mazur describe the construction of the fundamental pro-group
of a locally connected site via the Verdier functor. By [AM69], Corollary 10.7, it classifies
all torsors (not just finite). Taking the pro-finite completion we obtain a pro-finite group
classifying finite torsors. In order to apply these results in our situation, we need to check
that X, is locally connected. But this is true because the connected components of an
affinoid noetherian adic space X are in one-to-one correspondence with the idempotents of
the noetherian ring Ox(X). By descent (Corollary 9.2), the resulting fundamental group
77 (X, Z) not only classifies finite G-torsors in Sh(X;) but also finite Galois 7-covers.

Proposition 9.3. Let X — S be a morphism of connected, noetherian schemes and T
a geometric point of X. We can view T as a geometric point of Spa(X,S) by taking the
trivial valuation on the residue field of . Then there is a natural isomorphism

T(X, 1) = 7(Spa(X, S), 7).

Proof. By what we have just discussed, the étale fundamental group of Spa(X, S) classifies
finite étale covers of Spa(X,S). Similarly, 7¢(X,z) classifies finite étale covers of X.
Every finite étale cover Y — X induces a finite étale cover Spa(Y,S) — Spa(X,S). For
two finite étale covers Y — X and Y’ — X the natural homomorphism

Homy (Y,Y") — Homgpa(x,s)(Spa(Y, S), Spa(Y’, S))

is bijective, an inverse being given by assigning to a morphism Spa(Y,.S) — Spa(Y”,5)
the corresponding morphism of supports Y — Y’. It remains to show that every finite
étale cover of Spa(X,S) comes from a finite étale cover of X.

Let ¢ : Z — Spa(X, S) be a finite étale cover of adic spaces. We need to show that it
comes from a finite étale cover of X as above. Let Spa(B, B*) and Spa(A, A™) be affinoid
open subspaces of Z and Spa(X, S), respectively, such that ¢(Spa(B, BT)) C Spa(A, A™).
By [Hub96|, Corollary 1.7.3, we obtain a factorization

Spa(B, B) « > Spa(B, A1)

\ /

Spa(A, A1).

and A — B is étale. Since we are working with discretely ringed adic spaces, this
construction glues and we obtain a diagram

> Spa(Y, S)

SN

Spa(X, S)

with Y — X étale and Z dense in Spa(Y, S).

By assumption there is an étale covering W — Spa(X,S) trivializing ¢. Without
loss of generality we may assume that W is a disjoint union of adic spaces of the form
Spa(X;, S;). In particular, [ [, X; — X is an étale covering of X. Moreover,

Zi = 7 Xspa(x,s) Spa(X;, ;) = Spa(X;, 5;) @ G
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for some group GG. Base changing the above diagram to Spa(X;,S;) we obtain
Spa(Xi, Sl) ® G « > Spa(Y Xx Xi7 Sz)

Spa(X;, Si)
and Spa(X;,S;) ® G is open and dense in Spa(Y xx X;, ;). But Spa(X;,S;) ® G —
Spa(X;, S;) satisfies the valuative criterion for properness and hence,
Spa(X;, S;) ® G = Spa(X; ® G, S;) = Spa(Y xx X;,S;).

We conclude that X; ® G =Y x x X;. This shows that Y — X is a finite étale cover such
that Z = Spa(Y, 5). O

Proposition 9.4. Let X be a connected, regular scheme of finite type over S and T a
geometric point of X. Then the valuation-tame fundamental group 7*(X/S, z) is canon-
ically isomorphic to the fundamental group 7} (Spa(X, S), Z) of the tame site Spa(X, S);.

Proof. By Proposition 9.3 we have to show that a finite étale cover Y — X is valuation-
tame over S if and only if Spa(Y, S) — Spa(X, 5) is tame. If the latter is true, it is clear
that the former also holds. Suppose that ¥ — X is valuation-tame and pick a point
z = (x,R,¢) € Spa(X, S). Since X is regular at z, we find a discrete valuation v (not
necessarily of rank one) supported on the generic point 7 = Spec k(X) and a morphism
¥ : Spec 0, — X mapping the closed point of Spec @, to x such that k(v) = k(z).
The concatenation of v with the valuation corresponding to R gives a valuation ring R’
of k(X) and ¢ and ¢ determine a morphism « : Spec R — S. By assumption any point
of Spa(Y, S) lying over (n, R',«) is tame over Spa(X,S). This implies that the same is
true for any point lying over z. O

Here is a stronger version but with some assumptions on resolutions of singularities:

Proposition 9.5. Let S be an integral, excellent and pure-dimensional base scheme
and X a connected scheme of finite type over S with a geometric point T. Assume
that every finite separable extension of every residue field of X admits a regular proper
model. Then the curve-tame fundamental group 7§*(X /S, Z) is canonically isomorphic to
7t (Spa(X, S), 7).

Proof. By Proposition 9.3 we have to show that a finite étale cover Y — X is curve-tame
over S if and only if Spa(Y,S) — Spa(X,S) is tame. Suppose Spa(Y,S) — Spa(X, 5) is
tame and let C — X be a curve mapping to X with compactification C. Without loss
of generality we may assume that C' — X is a closed immersion. Let 1o be the generic
point of C' viewed as a point of X. A point ¢ € C — C corresponds to a valuation ring
O. C k(nc) and comes naturally with a morphism ¢, : Spec 0, — S. This defines a point
(ne, O, ¢.) of Spa(X,S). By assumption all points of Spa(Y,S) lying over (n¢, O, ¢.)
are tame over Spa(X,S). This translates to C' X x Y — C being tamely ramified over c.
We conclude that Y — X is curve-tame.

Suppose now that Y — X is curve-tame. Take a point (x, R, ¢) € Spa(X,S). Let Z
be the closed subset {z} of X with the reduced scheme structure. In order to show that
Spa(Y, S) — Spa(X,.S) is tame we may replace Y — X by its base change to Z. Note
that Z xx Y — Z is still curve-tame. Hence, we may assume that X is integral with
generic point x. Furthermore, by the same argument, we may replace X by a nonempty
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open subscheme. We may thus assume that X is regular. But now under our assumption
on resolution of singularities Y — X is curve tame if and only if it is valuation-tame (see
|[KS10], Theorem 4.4). In particular, every point of Spa(Y, S) lying over (x, R, ¢) is tame
over Spa(X,.S). O

10. COHOMOLOGY FOR DISCRETELY RINGED ADIC SPACES

Let S be a noetherian scheme. We say that resolution of singularities holds over S if
for any reduced scheme X of finite type over S there is a locally projective birational
morphism X’ — X such that X’ is regular and X’ — X is an isomorphism over the
regular locus of X. By [EGA4.2, IV, 7.9.5|, this implies, in particular, that S is quasi-
excellent.

In this section we compare the cohomology of the sheaf &} on the discretely ringed adic
space Z = Spa(X,S) with the cohomology of the structure sheaf &g of the scheme S.
All cohomology groups in this section are sheaf cohomology groups on the underlying
topological space of the scheme or adic space in question (not on the tame or étale site
etc.).

Let 7 : X — S be a morphism of schemes. Recall that the structure sheaf &7 on
Z = Spa(X, S) is the pullback of the structure sheaf &x on X via the support map. In
particular,

04(2) = 6x(X).
Consider the center map
c:Spa(X,S) — 8

sending (x, R, ¢) € Spa(X,S) to the image of the closed point of Spec R under ¢. It
is continuous as the preimage of an open subset S’ C S is the open subset Spa(X Xg
S’ S") of Spa(X,S). We have a natural identification of ¢,0; with m.0x. Hence, the
homomorphism 0g — 7,0 induces a functorial homomorphism

ﬁs — . O7.
Lemma 10.1. The homomorphism Og — ¢,0y factors through ¢, 0.

Proof. It is equivalent to show that the adjoint homomorphism c¢*0s — O, factors
through & . It suffices to check this for affinoid opens Spa(A4, AT) of Z and the presheaf
pullback 0.

The sections ¢?Og(Spa(A, A+)) are given as the colimit of Og(S’) over all commutative
diagrams

Spa(A4,AT) —— &'

C

Z =Spa(X,S) —— S
with S” an open subscheme of S:

?Os(Spa(A, A+)) = coéi/m Os(S").
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The homomorphism ?0s(Spa(A, A+)) — Oz(Spa(A, A+)) is the limit of the homomor-
phisms
Os(S") —— Oz(Spa(X xg5',5")) —— Oz(Spa(A4, AT))

ﬁX(X Xs S,) y A

We want to show that 0g(S’) — A factors through
AT ={a € Alla(2)| <1Vz € Spa(4,A")}.

Let z € Spa(A, A™). By the commutativity of diagram (3), the valuation of A correspond-
ing to z has center on S, which is equivalent to saying that |b(z)| < 1 for all b € Os(5").
This implies the claim. U

We denote the resulting homomorphism
ﬁg — Cx ﬁg

by ¢*.

A morphism of schemes X — S is said to be a pro-open immersion if it is a limit of open
immersions with affine transition morphisms. In this case we also say that X is pro-open
in S. Examples are open subschemes of S and the localization of S at some point s € S.
A scheme X is essentially of finite type over S if there is a scheme T of finite type over S
and a pro-open immersion X — T over S A compactification of a scheme X essentially
of finite type over S is a proper S-scheme T together with a pro-open immersion X — T’
over S. By [Con07], if S is quasi-compact and quasi-separated and X — S is separated
and essentially of finite type, a compactification exists.

Lemma 10.2. Let X C Y be pro-open in an integral normal scheme S. Set 7' =
Spa(S, S). The restriction

p: 05 (Spa(Y, ) — 0,(Spa(X, S))
is an isomorphism.
Proof. Tt suffices to prove the lemma for Y = S and S affine. If X = Spec A is affine,
Spa(X, S) = Spa(4, A™),

where AT is the integral closure of the image of 0s(S) in A. By our assumptions on S
and X, we obtain
At = 04(S)
and thus
Spa(S, S) = Spa(A*, AT).
The homomorphism p becomes the identity on A*.

In the general case cover X by affine open subschemes X;. We obtain an affinoid
covering

H Spa(X;,S) — Spa(X, 5)
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and thus a diagram of exact sequences

0 —— 0,(Spa(5,5)) —— II, 07 (Spa(S, 5)) ———— II;; @2 (Spa($, 5)

0 —— 0}, (Spa(X,S)) — IL 0/, (Spa(X;, S)) —— Hij 0}, (Spa(X; N X;, S)).

Note that the assumptions of the lemma also hold for X; or X;N.Xj; instead of X. Since the
middle arrow is injective, p is injective. Applying the same reasoning to Spa(X; N Xj, S)
instead of Spa(X,S), we see that the right arrow is injective. This implies that p is
surjective. ]

Lemma 10.3. Let X be pro-open in an integral normal scheme S. With the above
notation the homomorphism

ct:O0s— .0
is an isomorphism.

Proof. We can check this on open affines of S, i.e. we may assume that S is affine and
have to show that

ct(9): Os(S) = 05 (Z)
is an isomorphism. Denote by ¢ : Z’ = Spa(S,S) — S the center map. By functoriality
we obtain a commutative diagram

Os(S)
(Clﬁy XﬂS)
» O (Z

O(Z") ’

).

Since p is an isomorphism by Lemma 10.2, it suffices to show that (¢)*(.S) is an isomor-
phism. But (¢)*(S) is just the identity on Og(S5). O

For the rest of this section we assume that S is regular and connected and that X is
dense pro-open in S. Denote by B the full subcategory of the category of open subspaces of
Spa(X, S) of the form Spa(Y,T') coming from a commutative diagram of regular schemes

Y > X

(4) ¢ t

T —— S,

such that Y — X is an open immersion, Y — T is a pro-open immersion, and 7" — §'is
of finite type and locally quasi-projective. Since X — S is a pro-open immersion as well,
T — S is birational.

Our assumption on resolution of singularities implies that the objects of B form a basis
of neighborhoods of the topological space Spa(X, S). Indeed, if we start with an affinoid
open Spa(A, A™) we can first choose a projective compactification of Spec A over AT and
then resolve the singularities of it to obtain a regular locally projective compactification
Z. Then

Spa(A, A*) = Spa(4, Z)

is an object of B. In particular, all affinoid open subspaces are contained in B.
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Lemma 10.4. The intersection of two objects in B is again an object of B.

Proof. Suppose we are given two objects Spa(Y7,T1) and Spa(Ys,T») in B. The intersec-
tion of Spa(Y7,T7) with Spa(Ys,T5) is the same as the intersection of Spa(Y; N Y, T1)
with Spa(Y1,NYs, T,). Hence, we may assume that Y; = Y; =: Y. Choose locally projec-
tive compactifications T} of T; over S. By elimination of indeterminacies and resolution
of singularities, we find a locally projective birational morphism 7" — S from a regu-
lar scheme 7" dominating 7} and T which is an isomorphism over Y. We denote the
preimages of 77 and 75 in 7" by 1| and T3. As 1] — T, is proper, we have

Spa(Y, T;) = Spa(Y, T}).
But then
Spa(Y,T1) N Spa(Y, T>) = Spa(Y, Ty N Ty),
which is in B. O

We equip B with the structure of a site by defining coverings in B to be surjective
families.

Lemma 10.5. The topoi associated with B and Spa(X,S) are equivalent.

Proof. We have a natural morphism of sites ¢ : Spa(X,S)t — B, where Spa(X,S)t
denotes the site associated with the topological space Spa(X,S). The pullback ¢* is
fully faithful and the topology on B is induced by the topology of Spa(X,S). In order
to show that the corresponding morphism of topoi is an equivalence, it suffices to verify
that the objects of B form a basis of the topology of Spa(X,.S) (see [SGA4|, Exposé III,
Théoréme 4.1). This is the case as we have seen above. U

Proposition 10.6. Let X be dense and pro-open in a regular, connected scheme S and
assume that resolution of singularities holds over S. Then the center map

c:Z:=8pa(X,5) = S
induces an isomorphism

H'(S,0s) =2 H'(Z,0})
for all i > 0.
Proof. Consider the Leray spectral sequence

H'(S,Rlc,0}) = H™(Z,0)).
By Lemma 10.3,
.0} = 0.
In order to prove that Ric,0; = 0 for j > 1 it is enough to show that
H’(Spa(X xs55',8"),0%)

vanishes for every open affine S C S. Since S’ and X xg S’ satisfy the assumptions of
the proposition if S and X do, we are reduced to proving that

H)(Z,0})=0

in case S is affine.
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Consider the site B defined before Lemma 10.5. By Lemma 10.5 we can compute the
cohomology group H’(Z, 0} ) in B. We claim that the restriction of & to B is flasque.
Take an open covering

Spa(Y,T) = |_JSpa(V;, 7))
iel

in B coming from commutative diagrams (4) as before and assume in addition that [ is
finite and that all T; are affine. Every covering of Spa(Y,T) in B is dominated by one of
this type. We want to examine the Cech complex
(5)
0— 0% (Spa(Y,T)) — H o5 (Spa(Y;, T;)) — H 05 (Spa(Y;, T;) N Spa(Y;, Tj)) — ...

i ij
By Lemma 10.2 this complex does not change if we replace Y and Y; by (., Y;. We may
thus assume that Y = Y] for all ¢« € I. By the same argument as before, we may find a
locally projective birational morphism 7" — S with 7" regular and open subschemes 7T}
of 7" such that the morphisms m; : 7] — S factor through locally projective birational
morphisms 7] — T;. Since the adic spaces Spa(Y,T}) cover Spa(Y,T"), it follows that the
schemes T cover T”. The following diagram summarizes the situation:

Y

T ©L T s T
{
T

where the morphisms 7; and 7 are locally projective birational and all schemes in the
diagram are regular. 5
By Lemma 10.3, the above Cech complex (5) equals

0— Op/(T) — H Or(T)) — H Op/(TiNT;) — ...
i i
This is the Cech complex for the covering 7" = |J, T/ and the structure sheaf &p.. By
|[CR15], Theorem 1.1, we know that for each i the higher direct images R/, 07 vanish.
Since T; is affine, this implies

Hq(,'rz'la ﬁT’) =0 VZ: Vq > L

Our Cech complex thus computes the cohomology groups HYT', O7). Applying [CR15],
Theorem 1.1 to 7 : T" — T, we obtain that the corresponding higher direct images are
trivial. Together with the fact that T is affine, this yields

HYT', 07/) = HY(T, 67) = 0, ¥g > 1.

As a consequence the cohomology of the complex (5) is trivial. We conclude that &7 is
flasque on B and thus

HY(Z,0}) =0, Vg > 1. O
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11. PRUFER HUBER PAIRS

For an affinoid adic space X = Spa(A, A™) the cohomology of the structure sheaf Ox
vanishes (see [Hub94|, Theorem 2.2). For the sheaf &7, however, we can not expect in
general that H*(X, 05) = 0. Of course, if (A, A") is local, the cohomology of &y vanishes.
But the class of local adic spaces turns out to be too small to calculate cohomology groups
as an étale covering of a local adic space does not necessarily admit a refinement by local
adic spaces. In the following we investigate a broader class of Huber pairs containing the
local Huber pairs: the Priifer Huber pairs.

Definition 11.1. A Huber pair (A, A") is said to be Priifer if AT™ C A is a Priifer
extension, i.e. if (An+, AT,) is local for every maximal ideal m™ of AT (see |[KZ02],
Chapter I, § 5).

Recall that a ring homomorphism A — B is called weakly surjective if for any prime
ideal p of A with pB # B the homomorphism A, — B, is surjective. Examples of weakly
surjective ring homomorphisms are surjective ring homomorphisms and localizations.
By [KZ02], Theorem 1.5.2, (1) < (2) a ring extension A — R is Priifer if and only if A
is weakly surjective in any R-overring of A.

It will turn out in Proposition 11.18 that if (A, AT) is a complete Priifer Huber pair
and A is either a strongly noetherian Tate ring or noetherian with the discrete topology,
then the cohomology of 5 vanishes on X = Spa(A, A™).

Lemma 11.2. Let (A, A") be a Priifer Huber pair. Then its completion (A, A1) is
Priifer.

Proof. We factor (A, AT) — (A, A*) as

(A, AT) = (A4, A7) = (4, 4%)
such that A — A is surjective and A — A is injective. Then (A, A1) is Priifer by [Rho91],
Proposition 3.1.1 (or [KZ02|, Proposition 1.5.8) and (A, A*) is the completion of (4, A*1).
We may therefore assume that the morphism ¢ : A — A is injective.

By [KZ02|, Theorem 1.5.2, (1) < (2) a ring extension B — R is Priifer if and only if
every R-overring of B is integrally closed in R. We have mutually inverse bijections

{open subrings of A} <:> {open subrings of A},

The subsequent lemma shows that this correspondence restricts to a bijection of the open,
integrally closed subrings of A with the open, integrally closed subrings of A. Since AT is
open and integrally closed in A, we obtain a bijection of the integrally closed A- OVerrings
of A* with the integrally closed A-overrings of AT, In particular, an A-overring C' of A*
is integrally closed in A if and only if C'N A is integrally closed in A. This finishes the
proof as all A-overrings of A* are integrally closed in A by assumption. O

Lemma 11.3. For any linearly topologized ring A with completion o : A — A the
mutually inverse bijections

B—~B ~
{open subrings of A} lﬁ {open subrings of A}.
o HC)+C

establish a correspondence of the open, integrally closed subrings.
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Proof. The argument is taken from the proof of Lemma 2.4.3 in [Hub93a|. The only
nontrivial assertion we have to check is that the completion B of any open, integrally
closed subring B of A is integrally closed. Denote by C the integral closure of Bin A.
This is an open subring of A. Take an element ¢ € C. In order to show that ¢ € B it
suffices to check that for any open neighborhood U of ¢ in C' we have

UNao(B) # 2.

Since o(A) is dense in A, we can find a € A with o(a) € U. Being contained in C' the
element o(a) satisfies an integral equation

o(a)" +bp_10(a)" " + ... +by=0

with b; € B. As B is open, we can approximate the b, by elements of the form o(b;) with
b; € B such that

o(a)" + o(bp_1)o(a)"  +...0(by) € B.
Together with B = o~'(B) this implies the existence of an element b € B such that
a”+bn_1a"_1—|—...+(bo—b) =0

We conclude that a € B and thus o(a) € U No(B). O
11.1. A flatness criterion. For this subsection we fix a local Huber pair (A, AT). We
denote by m the maximal ideal of A. It is contained in AT and A™/m is a valuation ring.
Hence, every proper ideal of A is contained in A™. We write | - | for the valuation of A
corresponding to AT /m.

We want to investigate whether an AT-module M is flat if its base change to A is
flat. To this end we examine for an ideal at C A* the vanishing of Tor{" (M*, A*/a™).

Lemma 11.4. Let a be a proper ideal of A. Let M™ be an A*t-module such that
M = M* ®u+ A is a flat A-module. Then

Tori" (M*, A* Ja) = 0.
Proof. Consider the commutative diagram

a @+ Mt —— M+

L L

a@Qq M —— M.

The lower horizontal map is injective as M is a flat A-module. As AT — A is a localiza-
tion, hence flat, the homomorphism

0®A+A—>A

is injective. Its image is A -a = a. We obtain an isomorphism a ® 4+ A — a whose
inverse ¢ is given by a — a ® 1. Tensoring ¢ with M* yields the left vertical map in
diagram (6), which is thus an isomorphism. We conclude that the upper horizontal map
is injective. Hence,

Tor{ﬁ(M*,/H/a) =ker(a®@+ MT — M) =0.
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Lemma 11.5. Let a™ be an ideal of AT. Let M™ be an AT-module such that M :=
M* @4+ A is a flat A-module and M+ /mM™ is torsion free over A* /m. Then

Tor!" (M*, A* /(m™ 4+ a*)) = 0.
for alln > 1.

Proof. Consider the commutative diagram

m" @+ Mt ———— m" M~

I l

(7) (m"+at) @4+ M¥ ——— MT

} J

(m" +at)/m" @+ MT —— M*/m"M+.

The upper horizontal map is an isomorphism by Lemma 11.4. This implies that the upper
left vertical map is injective. Let us show that the lower horizontal map is injective. Since

(m" +a*)/m" @4+ MT — (m" +a*)/m" @+ jqun M /m"M*

is an isomorphism, this comes down to showing that M /m"M* is a flat A™/m"-module.
If n = 1, this is true as A" /m is a valuation ring and M ™ /mM™ is torsion free, hence flat.
The case n > 1 follows from the case n = 1 by [SP, Tag 051C]. Note that the assumption

Tor!"" (M*, A* /m) =0
in [SP, Tag 051C] is satisfied by Lemma 11.4. We conclude that the lower horizontal

map in diagram (7) is injective. A diagram chase now shows the injectivity of the middle
horizontal map, which concludes the proof. O

The following lemma is a variant of the Artin-Rees lemma for local Huber pairs.

Lemma 11.6. Assume that A is noetherian. Let a be an ideal of A and NT C M™ finite
At-modules. Set M := M+ @4+ A and N := N* ®4+ A and assume that M+ — M is
injective. Then there is K € IN such that for alln > K

A"MTANT =a" K@M AN =a"M NN =a" K@M nN).

Proof. As At — A is flat, the natural map N — M is injective and we view N, M™
and NT as submodules of M. For positive integers n > K consider the diagram

A K@Mt ANY) —— a"MT N N*

l I

av K@M NN) ——— a"M NN

For K big enough the lower horizontal inclusion is the identity by the Artin-Rees lemma.
Moreover, since AT — A is a localization and a is an ideal not only of A* but of A, the
left vertical map is the identity. This implies that the upper horizontal map and the right
vertical map are the identity. U

Proposition 11.7. Let (B, B%) be a Priifer Huber pair such that B is noetherian.
Let M™ be a torsion free BT-module such that M := M* Qg+ B is flat over B. Then M™
is flat.
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Proof. Tt suffices to show that M[, is a flat B}, -module for every maximal ideal m*
of Bt. By [KZ02|, Proposition 1.2.10, the pair (Bu+,B,) is a local Huber pair. In
particular, B+ = By, for some prime ideal m of B. As the assumptions are stable under
localization, we may assume that (B, BT) is local right away.

Using that B*/m is a valuation ring and that M ™ is torsion free, we see that M+ /mM ™
is torsion free over BT /m. Let b* C B™ be a finitely generated ideal. We have to show
that

bt KB+ Mt — M
is injective. For n > 1 consider the following diagram of short exact sequences:

0O —— brNm® — b dm” —— b +m” —— 0

/ l /

0 y BT s Bt @ BT s BT s 0.

Tensoring with M ' we obtain

(b+ﬂm”) Rpr MT > b Qg MTom" Qpr MT ~ (b++m) Qp+ MT =0

| ! |

0 — M+ s Mt oM™ y M+ y 0.

Since m" @+ M+t — M and (b7 + m") g+ M — M™ are injective by Lemma 11.5,
the snake lemma implies that
ker ((b* Nm"™) @p+ MT — M*) — ker (b* @p+ MT — M)
is surjective. We now apply Lemma 11.6 to the finite B-modules bt C BT. Setting
b=0b" ®p+ B thereis N € N such that for all n > N
m" N =m" M mV Nnbt) =m"Nnb=m" Y m" Nb).
The ideal m™ N b of BT is thus also an ideal of B and by Lemma 11.4 we obtain
ker (67 Nm™) @pc M+ — M*) =0,
which implies that
ker <b+ Rp+ MT = M+) = 0.
]
Remark 11.8. The flatness criterion Proposition 11.7 in case M T is a Bt-algebra re-
sembles the one given in [Tem11|, Lemma 2.3.1 (iii). However, in our application M7 is

not of finite type, in general. This impedes the application of Raynaud-Gruson flattening
(JRGT1]) in contrast to the situation in [Tem11].

11.2. Cartesian coverings of Huber pairs. Let (A, A™) and (B, BT) be Huber pairs
with rings of definition Aq C A and By C B For a homomorphism

(A, A") — (B,B™)

of Huber pairs we equip the fiber product BT ® 4+ A with the following topology: Let
I C BT be an ideal of definition. Denote by C the image of BT in BT ® 4+ A. We take Cj
to be a ring of definition of BT ® 4+ A and ICj an ideal of definition Then Bt @ 4+ A is
a Huber ring.
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Definition 11.9. The homomorphism
(A, A") — (B,B™)
of Huber pairs is called Cartesian if the natural homomorphism
BT @4+ A — B

induces an isomorphism on completions. In this case we also say that Spa(B, BT) is
Cartesian over Spa(A, AT). We say that a covering of Spa(A, AT) by rational open
subspaces Spa(B;, B;") (for i in some index set I) is Cartesian if for every i € I the
homomorphism

(A’A+) - (Bqu_)
is Cartesian.

Proposition 11.10. Let (A, A") be a complete Priifer Huber pair. Let Y — Spa(A, A™)
be a Cartesian, strongly étale morphism of affinoid adic spaces. Then Y is Spa(A, A™)-
isomorphic to the adic spectrum of a Huber pair (B, BT) with AT — BT étale.

Proof. By [Hub96], Corollary 1.7.3 iii), there is a Cartesian morphism (A, AT) — (B, B)
of algebraically finite type such that A — B is étale and Y is Spa(A, AT)-isomorphic to
Spa(B, BT). Let m* be a maximal ideal of A*. In order to show that At — BT is
étale at m™ we can base change to AT, As (A, A") is Priifer, there is a unique point
x € X := Spa(A, A") such that Ox, = An+ and Oy, = A.. Therefore, base changing
Y — X to X, induces the base change of AT — BT to A/ . We may thus assume that
(A, A™) is local such that m™ is the maximal ideal of A™. Denote by m the maximal ideal
of A.

By assumption A — B is étale and by Lemma 3.2 also AT/m — BT /mB™" is étale.
In particular, both morphisms are flat and of finite presentation and thus [Teml1],
Lemma 2.3.1 implies that AT — B* is flat and of finite presentation (the flatness is
a consequence of the flattening result by Raynaud and Gruson [RGT71], Theorem 5.2.2).
Let us show that A™ — B™ is unramified, i.e. that QJlBJr//H = 0. Since A" /m — BT /mB*
is unramified, Q}%/AJF ®a+ AT /m = 0. It remains to show that mQ}BJr/A+ = 0. But the
isomorphism m & m ® 4+ A induces an isomorphism

mQ}9+/A+ = m(QB+/A+ Ru+ A)
and Q}3+/A+ @4+ A=0as A— B is unramified. O
Lemma 11.11. Let (A, AT) be a complete Priifer Huber pair. Then, every integral
morphism (A, A™) — (B, BT) is Cartesian and (B, BT) is Priifer.

Proof. By definition A — B is integral and B™ is the integral closure of AT in B.
Hence, B is generated by BT and the image of A ([KZ02|, Theorem 1.5.9). By [KZ02],
Proposition 1.3.10, Bt — B and BT — B ®4+ A are weakly surjective. Moreover, both
are injective (the injectivity of BT — BT ® 4+ A follows from the injectivity of Bt — B).
Therefore, by [KZ02|, Corollary 1.3.16 the surjective homomorphism BT ® 4+ A — B is
injective. U

Lemma 11.12. Let (A, AT) be a Priifer Huber pair with A is noetherian and
(A, A") — (B, BY)

a Cartesian homomorphism such that Spec B is quasi-finite and essentially of finite type
over Spec A. Then (B, B") is Priifer, too.
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Proof. We may assume that (A, A") is complete and that BT ® 4+ A — B is an isomor-
phism (see Lemma 11.2). By Zariski’s main theorem A — B factors as A — By — B
with By /A finite and B/ By a localization. Denote by By the integral closure of AT in Bj.
Since BT is integrally closed in B, we obtain a diagram

B < > BO < finite A

]\ loc. ] ® ]
Bt «—— Bi & At

§0+

By Lemma 11.11 the Huber pair (By, By) is Priifer and A ® 4+ Bf — By is bijective.
This implies that (By, By ) — (B, BT) is Cartesian.

If A is noetherian, so is By. Hence, Proposition 11.7 implies that B — B™ is flat and
thus weakly surjective by [KZ02], Proposition 1.4.5. The result now follows from [KZ02],
Theorem 1.5.10. U

11.3. Laurent coverings and Zariski cohomology.

Definition 11.13. Let (A, A*) be a Huber pair. A Laurent covering of Spa(A, A™) is a
covering by rational open subsets of the form

Spa(A, A = | R(fM,.... [

a; €{£1}
with fi,.... [, € A.

Lemma 11.14. Let (A, A%) be a complete Huber pair. Every open covering of Spa(A, AT)
has a refinement which is a Laurent covering.

Proof. By [Hub94], Lemma 2.6, every open covering of Spa(A, A™) is dominated by a

covering of the form
m

Spa(A, A*) = U gl"'g"gm)

with ¢g1,...,9m € A such that gt A+.. .+gmA = A. By the reasoning of |[BGR84/, § 8.2.2
every such covering is dominated by a Laurent covering. U

Lemma 11.15. Let (A, A") be a Huber pair such that A™ — A is weakly surjective.
Then for any f € A the Laurent covering

Rl

Y UR(;

f) = Spa(A, A™)

is Cartesian.

Denote by A*[%] the subring of Ay generated by the image of AT and 1/f. If in
addition (A, A") is Priifer and A is noetherian, A*[f] and A*[}] are integrally closed
in A and Ay, respectively, i.e. (A, AT[f]) and (Ay, A*[%]) are Huber pairs and

R(L) = Spa(A, A%[). R(3) = Spa(Ap A°[

7 )
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Proof. We only treat R(
have

%) The examination of R({) is similar (and even easier). We
1 -
R(?) = Spa(Ay, A7),

where A} denotes the integral closure of A*[%]. In order to show that R(
is Cartesian it suffices to show that the natural homomorphism

) — Spa(A, AT)

Sl

@IA®A+A}F%AJ£

is an isomorphism. The surjectivity of ¢ is obvious. Consider the diagram

Af e AT,

As « is weakly surjective, so are o and S (see [KZ02|, Proposition 1.3.10). Moreover, o/
is injective because [ is injective. We conclude by |KZ02|, Corollary 1.3.16 that ¢ is
injective.

Assume now that (A, A") is Priifer and A is noetherian. As the image of A* in Ay is
Priifer in the image of A in Ay by [KZ02], Proposition 1.5.7, we may replace At and A by
their images in Ay and assume henceforth that A — Ay is injective. The same argument
as above shows that
1
f

By Proposition 11.7, AT — A*[%] is flat. Moreover, AT — A — Ay is weakly surjective.
Hence, AT — A*[%} is weakly surjective by [KZ02|, Proposition 1.4.5. Since Ay is gen-
erated by A and A*[%], [KZ02], Theorem 1.5.10 implies that A*[ﬂ is Priifer in Ay. In
particular, A*[%] is integrally closed in Ay. O

A+ AT[Z] 2 Ay

Corollary 11.16. Let (A, AT) be a complete Priifer Huber pair. Then Spa(A, A") has
a basis of Cartesian affinoid neighborhoods.

Proof. By Lemma 11.14 there is a basis of neighborhoods of Spa(A, A™) consisting of
open subspaces of the form

R(f2, ..., fom)
with f; € A and o; € {£1}. By Lemma 11.15 these are Cartesian. O

Lemma 11.17. Let (A, AT) be a complete Priifer Huber pair. Assume that either A
is a strongly noetherian Tate ring or the topology of A is discrete and A is noetherian.
Let U be a Laurent covering of X = Spa(A, A™). Then the Cech cohomology groups

H(U, 0F)

vanish for i > 1.
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Proof. Using [BGR84], 8.1.4 Corollary 4 and induction this comes down to showing that

1 1
0= A" = GLRE) @ OHR() S OL(R(
is exact for every f € A. We know already that 07 is a sheaf. Hence, we are left with
showing the surjectivity of . By Lemma 11.15 we have

r(L

2)) =0

1 1 1 1
) =Spa(4, AT[f]), R(5)=Spa(As, AT[ , =) = Spa(Ag, AT[f, Z]).
f f f f
In case the topology of A is discrete the surjectivity of « is now obvious. In case A is a
strongly noetherian Tate algebra we use the following identifications (see I1.1 in the proof
of Theorem 2.5 in [Hub94]):

). R

AG) = AL/ = X), A= AV = 1Y), AL, 5) = AKX = X).

Then O (R(L)) is the closure of AT[f] in A(X)/(f — X), i.e. equal to

{Z b X' € AX) | by e AT}/ (f — X).

Similarly
1
0% (R ? —{ZbWeA Y) | b€ AYY/(1— fY)
+onid 1 _ i -1 , + _
O (R(T, 7) f = {Zi:bZX € AX, XY | bie AT}/ (f — X).
Now also in this case the surjectivity of a can be checked explicitly. U

Proposition 11.18. Let (A, A™) be a complete Priifer Huber pair. Assume that either A
is a strongly noetherian Tate ring or the topology of A is discrete and A is noetherian.
Then, setting X = Spa(A, A1),

H'(X,0%) =0.
for all i > 0.

Proof. Let B be the category of Cartesian open immersions of affinoid adic spaces
Spa(B, BT) — Spa(A, A™).

It has fiber products and becomes a site by defining coverings of Spa(B, B™) to be the
Laurent coverings

Spa(B,BY) = | R(f*..... )

a; €{£1}

of Spa(B, B*) (with fi,...,f, € B). Note that R(f{",..., f®) is contained in B by
Lemma 11.15. By Lemma 11.14 we can compute cohomology groups in B. But by
Lemma 11.17 the sheaf 07 is flasque on B. U
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12. STRONGLY ETALE COHOMOLOGY

If X is an analytic adic space, the additive group G, is a sheaf for the étale site of X
by [Hub96|, (2.2.5). In case X is a discretely ringed adic space this follows from the
corresponding statement for schemes. In particular, in both cases, G, is a sheaf for the
strongly étale and the tame site. Then, also the subpresheaf GI of G, defined by

(Y = X)) OF(Y)

is a sheaf.

In the following we say that an adic space X is locally noetherian if it is locally of
the form Spa(A, A%) such that the completion of A is noetherian. We say that X is
noetherian if in addition X is quasi-compact and quasi-separated.

Lemma 12.1. Let

¢ : Spa(B, BT) — Spa(4, A")
be an étale covering of the noetherian Priifer affinoid adic space Spa(A, A™). Then there
is a morphism

W+ Spa(C, C") — Spa(B, BY),
which is a finite product of open immersions such that o1 is a Cartesian étale covering.
Proof. We may assume that ¢ is of finite presentation. Using Zariski’s main theorem and
[Hub96], Corollary 1.7.3 ii), we factor ¢ as

Spa(B, BT) — Spa(D, D) -*5 Spa(A, A™)

with an open immersion ¢ and a finite morphism 7. Lemma 11.11 implies that 7 is
Cartesian and (D, D7) is Priifer. Now it suffices to show that every point x € Spa(B, B™)
has an open affinoid neighborhood U C Spa(B,B") such that U — Spa(D,D%) is
Cartesian. This follows from Corollary 11.16. O

Corollary 12.2. Every tame covering and every strongly étale covering of a noetherian
Priifer affinoid adic space Spa(A, AT) has a Cartesian refinement.

Proposition 12.3. Let (A, A™) be a Priifer Huber pair such that A is noetherian and
equipped with the discrete topology. Then
H;ét(spa‘(Aa A+)a Gj) = 0.
Proof. Let B be the category of Cartesian strongly étale morphisms of affinoid adic spaces
Spa(B, BT) — Spa(A4, A™).
It has fiber products and becomes a site by defining coverings of Spa(B, B™) to be the
Cartesian strongly étale coverings of Spa(B, Bt). By Corollary 12.2 we can compute the
cohomology groups HZ,(Spa(A, AT),G}) in B.
We show that G is flasque on B. In order to do so we prove that for every covering
Spa(C,C") — Spa(B, B")
in B the associated Cech complex for the sheaf G/ is exact. The fact that Spa(C,CT) —
Spa(B, BT) is Cartesian implies that the diagram

C®p...0pC +— B

I J

C+®B+...®B+C+ +— BT
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is Cartesian. Since Spec Ct — Spec B* is an étale covering by Proposition 11.10, so is
SpecCt ®p+ ... ®p+ CT — Spec BT. In particular, it is flat and thus the left vertical
arrow is injective. Moreover, taking integral closures commutes with étale base change.
Therefore, C* ®p+ ... ®p+ CT is integrally closed in C ®p ... ®p5 C. By construction of
the fiber product for adic spaces, this is equivalent to saying that

Spa(C’, C+) XGpa(B,Bt)- - - xspa(373+)8pa(0, C+) = Spa(C@B . .®BC, C+®B+. . .®B+C+).

The Cech complex for G/ thus equals the Amitsur complex

0 > BT s OF » Ot @p+ C7 —— CT@p+ CT @+ CF —— ..

This complex is exact as Bt — C7 is faithfully flat. Hence, G} is flasque on B. In
particular,

H!,(Spa(A4,AT),G) = 0.
U

Proposition 12.4. Let (A, AT) be a complete Priifer Huber pair such that A is a non-
Archimedean field. Then

H.(Spa(A, A),G}) = 0.
for all 1 > 1.

Proof. Set X = Spa(A, A™). Note first that (A, A°) (where A° denotes the power bounded
elements) is henselian by Hensel’s lemma for non-Archimedean fields and that Spa(A, A°)
consists of a single point. Consider an étale morphism Y — X with Y affinoid. The base
change of Y to Spa(A, A°) is a disjoint union of affinoid adic spaces of the form (B, B°)
such that B is a finite separable extension of A. Since the set of generalizations of
an analytic point of an adic space is totally ordered by specialization, every connected
component of Y is of the form (B, B") with B as above. In particular, B is a complete,
non-Archimedean field. Furthermore, BT is a B-overring of the integral closure of A™
in B, hence Priifer.

Let B be the full subcategory of X5 whose objects are the strongly étale morphisms
Y — X such that Y is affine. We can compute the cohomology of X in B. We show
that G is flasque on B.

Let Y — X bein B and Z — Y a covering of Y. We may assume that Y is the adic
spectrum of a complete Priifer Huber pair (B, B™) such that B is a non-Archimedean
field. Then Z = Spa(C,C™") with C finite étale over B and C* flat over BT (as any
torsion free module over a Priifer domain is flat). Since (B, BT) — (C,C™") is strongly
étale, Bt — C™ is even étale by Lemma 3.2. Consider the diagram

0 > BT s OF » Ot Qp+ CF —— CT@p+ CT @+ CF —— ..
0 » B s C >C®BC—>O®BC®BC—>

of exact Amitsur complexes. As integral closure commutes with étale base change,
C* ®p+ ... ®p+ CT is integrally closed in C ®p ... ®p C. Moreover, being a finite
B-module, C ®p ... ®p C is complete and C" ®@p+ ... ®+ CT is an open subring.
Therefore,

GZ(ZXy...XyZ):C+®B+...®B+C+
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and the lower row of the above diagram is the Cech complex of G; associated with the
covering Z — Y. O

Corollary 12.5. Let Z be a locally noetherian adic space. Assume that Z is either
discretely ringed or analytic. The canonical homomorphism

H'(Z,G}) — H4(Z,G;)

sét
is an isomorphism for all i > 0.

Proof. Consider the Leray spectral sequence associated with the morphism of sites
R AR WA
We have to show that
R,GI = 0.
Put differently, for every local Huber pair (A, A*) such that either A is discrete and
noetherian or a non-Archimedean field we have to show that

Hgét(spa<A7 A+)7 G(f) =0.

But every local Huber pair is Priifer and thus the result follows from Proposition 12.3
and Proposition 12.4. U

13. TAME COHOMOLOGY

In this section we compute the tame cohomology of G. The main problem we face is
that for a Cartesian tame morphism Spa(B, BT) — Spa(A, A1) the image of BT ® 4+ BT
in B® 4 B is not necessarily integrally closed. But it turns out that the tameness condition
makes the integral closure tractable.

13.1. Computation of integral closures. We fix a local, Cartesian, tame homomor-
phism (A, AT) — (B, BT) of strongly henselian, local, complete, Huber pairs. Assume
moreover that A is noetherian. Since A and B are henselian, the extension B/A is finite
étale. Let | - | be the valuation of B corresponding to the closed point of Spa(B, Bt). We
denote by I'p the value group of |- | and by I'4 the value group of the restriction of | - |
to A. As AT and BT are strictly henselian and (A, A™) — (B, BY) is a tame morphism
of complete, local Huber pairs, we can choose a presentation

B=A[T,....T,])(T"™ — ar,..., T™ — &)

with a; € A* and m; > 1 prime to the residue characteristic of A*. It induces an
isomorphism
Z)miZ x ... 7)m,Z — T /T, (ir,... i) — [T{ ... T
For v € I'g/I"'4 we set .
eval“-...-TfT
with 0 < i <mp —1and |T" -...-T"| =~ mod I'y. We denote the Galois group of
B/A by G.
We write B,, for the n-fold tensor product of B over A:

B,=B®j...Q4B.

Then {e,, ® ... ® €y, }y1,. ynerp/ra is a basis of B, over A. As (A4,A") — (B,B")
is Cartesian and BT is flat over A" by Proposition 11.7, the natural homomorphism
BT @4+ ... ®4+ BT — B, is injective. We view BT @4+ ... ®4+ BT as a subring of B,
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and denote its integral closure by B;". Then (B, B,") is complete and Spa(B,, B;) is the
n-fold fiber product of Spa(B, BT) over Spa(A, A™). This subsection is concerned with
describing B;F more explicitly.
Proposition 13.1. For an element b = )
the following are equivalent:
(i) |b(z)| < & for all z € Spa(B,, B).
(1) |ayy, rnl < Oley, oo veq, |7t for all v, ..., 7, € Tp/Ta.

Proof. For an (n—1)-tuple ¢ = (01, ...,0,-1) of elements of G we define a homomorphism
m, : B,, = B by setting

€y @ ... Qe of B, andd € I'p

mg(bl R...Q bn) = Ulbl e O'nflbnfl . bn
Consider the isomorphism
v:B,— |] B

geanl

b= (mg(b))o.
Via ¢ the elements of Spa(B,, B, ) correspond to the valuations of [ [, n-1 B of the form

|(bg)g’/ = [bgo (y)]

for fixed ¢ and a valuation y € Spa(B, BT). As Spa(B, B") is local with closed point
corresponding to |-|, it suffices to test condition (i) for valuations as above with |-(y)| = |-|.
For an element of B, of the form b; ® ... ® b, and any o € G"! we have

Img(by @ ...@b,)| =1b1] - ... - |bxl
because B is henselian. Together with the triangle inequality this proves that (ii) im-
plies (i).
Set

C = A[Tl, Ce ,Tr,ﬂ/(T{nl — ... ,Tmr71 - Oérfl).

r—1
This is an intermediate extension of B/A and B = C[T,|/(T"" — «,.). By flatness we can
view C, = C ®4 ... ®4 C as a subalgebra of B,,. Denote by I'c the value groups of the
restriction of |-| to C. Then e, for v € I'c/T'y C I'g/T'4 form a basis of C,,/A. Moreover,
(Th"®...T"|0<1iy,...,i, <m—1}
constitutes a basis of B,, over C,,. Taking all combinations of products
ey (T ®...0T")

with i; € {0,...,m, — 1} and v € TI'¢/T'4 yields the basis {e,} er,/r,. Fix a primitive
m,-th root of unity ( € A" and denote by o the element of G which maps T, to (7, and
leaves C' invariant. Every element of G can be written in the form 707 for 0 < j < m,—1

and 7 € G with 7¢ = ¢. For an (n — 1)-tuple ¢ = (10%',...,7,_10/"1) in G"! and an
element b = ZZLT:jﬂ:O aiy. i, T @ ... @ T of B, we have
my—1

mo_(b) = Z ml(ail ..... in)gil‘jl“ru-infljnflle ® L. ® Tﬁn
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s |1.|"tor k=0,...,m, — 1 represent the m, distinct elements of I'5/1'¢, we obtain
A|T|kf k=0, , 1 rep h disti | fI'p/Te, btai
mo(0) = max_ | DT ma(ar, g0 g T

i1+...+in,=k mod m.,

Suppose |b(z)| < § for all x € Spa(B,, B;7). Then in particular,

Ime(b)] <0
for all ¢ € G" . By the above this is equivalent to
(8) | Z my (a;, ... ina£i1+-~~+in7k)/m'r)Ci1j1+...+in71jnfl’ < &ﬂ,*k

i1+...+in=k mod m,
for all ¢ and all £ = 0,...,m, — 1. The following Lemma 13.2 shows that the matrix
(¢t Fin—1in-1) s invertible in AT. Therefore, inequality (8) holds for all jy,...,j, 1 =
0,...,m, — 1if and only if

g, g, | < T, |
for all 41,...,4,.1 =0,...,m, — 1. The result now follows by induction on r. Ol

Lemma 13.2. Consider the m™' x m" '-matrix V,, whose rows are indexed by the

(n — 1)-tuples (i1, ...,in—1) € {0,...,m, — 1}""! and whose columns by (j1,...,jn_1) €
{0,...,m, — 1}"~1 (both provided with the lexicographical ordering) and whose entry
at (11, ..., In1,J1, -+ Jn_1) is (It TFin—1in—1 Then  considered as a matrix with coeffi-
cients in A™, V,, is invertible.

Proof. We have

Vn—l Vn—l Vn—l s Vn—l
anl Cvnfl C2Vn71 s Cmr_lvnfl

Vn = Vn—l szn—l C4Vn—1 cee CQ(mr_l)‘/n—l
Vet (" Wory GO0V (Y,
1 1 1 1 Vioer 0 0 0
1 (1 i1 ool 0 V,1 O 0

1 ¢t1 o e oo 0 Vi, 0
f f : : 0 0 0 0
1 ¢m-l1 2me-Dy o (memD)?g 0 0 0 . Vi
The left hand matrix is a Vandermonde matrix over the ring of m?~2 x m?~%matrices

with coefficients in A". Its determinant is
0<i<j<mp—1

which is a unit since (¢ — () divides m, and m, is invertible in AT. Therefore the left
hand matrix is invertible. The right hand matrix is invertible by induction. U

Corollary 13.3. The integral closure B, of BT ® 4+ ... ®4+ BT in B, is the subring
generated by

(... @b, € B, | []Ibil <1}

=1
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77777777777

if
for all v1,...,v, € /T 4.

Proof. By [Hub93b| an element b of B, is contained in B if and only if |b(x)| < 1 for all
x € Spa(By, B;"). The result thus follows by Proposition 13.1 with § = 1. O

Assume that A is noetherian. Since B is faithfully flat over A and B™ is faithfully flat
over AT by Proposition 11.7, we obtain a diagram of exact Amitsur complexes

0 > AT s Bt > Bt @4+ Bt —— Bt ®4+ Bt @4+ Bt —— ...
0 > A > B > By B ————+ Bu BB — ...

As the image of an integral element is integral, the diagram factors as

0 AT > BT > BT @4+ Bt —— Bt ®4+ BT @4+ BT —— ...
0 AT > BT » (BRsB)T ——— (B4 B®4B)T —— ...
0 > A > B > By B ————+ By BB — ...

Proposition 13.4. Let (A, A™) — (B, B") be a local, Cartesian, tame homomorphism
of strongly henselian, local, complete, Huber pairs. Assume moreover that A is noether-
ian. Then the complex

0 —— A » BT » (B4 B)T —— (B®aB®sB)t —— ...
is exact.

Proof. Consider the section s of the inclusion A < B sending an element _a,e, of B
to the coefficient a; of e; = 1. Mapping b ® ... ® b, to s(by) - ... - s(b,), s induces a
morphism ® of complexes

0 y A > B » B4 B——> BRIuB®Rsa B —— ...

I

0 sy A 4y 4 0 4 id y A 0

It is well known that ® is a homotopy equivalence whose inverse is the natural inclusion [/
of the lower complex in the upper one. Namely, ® o I = id and [ o ® is homotopic to the
identity by the homotopy given by

D;,:B, — B,
((1®...0¢c) — s()®...05(¢1)R¢®...Q ¢y,
In order to show that the complex in the statement of the proposition is exact, it suffices

to show that @ restricts to homomorphisms B — AT and D; to a homomorphism
B} — B;.
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Writing D; in terms of the basis {e,}, we obtain:

Di( Z ryp,yn €y @ - @ €q,) = Z A1l a1 @ @1 R ey, @ R ey,

Y1s--5Tn YiseesYn

Therefore, Corollary 13.3 assures that D; maps B, to B;. The argument for ® is the
same. 0

13.2. Computation of tame cohomology.

Proposition 13.5. Let (A, AT) be a strongly henselian Huber pair where A is either a
strongly noetherian Tate ring or noetherian and discrete. Then

H!(Spa(A, AT),G}) =0
for alli>1.
Proof. Let B be the category of Cartesian tame morphisms of affinoid adic spaces
Spa(B, BT) — Spa(A, A").

It has fiber products and becomes a site by defining coverings of Spa(B, B™) to be the
Cartesian tame coverings of Spa(B, BT). By Corollary 12.2 we can compute the coho-
mology groups H/(Spa(A, A™),G) in B.

We show that G, is flasque on B. Let

Spa(C,C*") — Spa(B, B")

be a covering in B. We need to show that the Cech complex for G} associated with this
covering is exact. Using the notation of Section 13.1 we have

Spa(C, C") Xspa(B.5+) - - - Xspa(p,p+) Spa(C, CT) = Spa(C,, C;1).
Note that since B is henselian, C), is finite over B, hence complete. Therefore,
G, (Spa(Cy, C))) = Oy
and the Cech complex for the covering Spa(C, C*) — Spa(B, B*) equals
0—B"—=Ct=Cf -Cf — ...
This complex is exact by Proposition 13.4. U

Corollary 13.6. Let Z be a locally noetherian adic space. Assume that Z is either
discretely ringed or analytic. The canonical homomorphism

Hgét(Z7 G:) — HZ(Z7 G:)
is an isomorphism for all i > 0.
Proof. Consider the Leray spectral sequence associated with the morphism of sites
(ol Zt — Zsét-
We have to show that
R%,GI = 0.
Put differently, for every strongly henselian Huber pair (A, AT) where A is either a
strongly noetherian Tate ring or noetherian and discrete we have to show that

HY(Spa(A, A%),G}) = 0.
This is true by Proposition 13.5. U
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Combining Corollary 12.5, Corollary 13.6 and Proposition 10.6 we obtain:

Theorem 13.7. Let X be pro-open in an essentially smooth scheme S over k such that X
is dense in S. Assume that resolution of singularities holds over k. There is a natural
isomorphism

HI(S, 65) = Hi(Spa(X, $), G;)
for all 1 > 0.

14. THE ARTIN SCHREIER SEQUENCE
Let Z be an adic space with char(Z) = {p}. There is an Artin Schreier sequence
0 2Z/pZ — 6 Z3 6 =0
on Z; and on Zgg, where F'—1 is the homomorphism z — a2 —x. We can check exactness
on stalks. Let (A, AT) be strongly henselian. Then
F—1:A" 5 A"
is surjective as AT is strictly henselian.

Proposition 14.1. Let (A, A™) be a complete Priifer Huber pair such that A is of
characteristic p > 0 and is either noetherian with the discrete topology or a strongly
noetherian Tate ring. If Spa(A, A™) is connected,

7./pZ. i=0,
Hj(Spa(A, A", Z/pZ) = H.,(Spa(X, S),Z/pZ) = { At /(F —1)At i=1,
0 i>9.

Proof. This follows from Proposition 12.3, Proposition 12.4 and Corollary 13.6 via the
Artin Schreier sequence. O

Corollary 14.2. Let Z be a locally noetherian adic space with char(Z) = {p} which is
either analytic or discretely ringed. Then the Leray spectral sequence associated with
Zy — Zgs induces isomorphisms

Hi(Z,7,/pZ) = H

sét

(Z,Z/vZ)
for all + > 0.

Proposition 14.3. Let S be an affine, regular, and integral scheme of characteristic
p > 0 and X dense and pro-open in S. Assume that resolution of singularities holds
over S. Then we have

Z7/pZ 1 =0,
Hi(Spa(X, 8), Z/pZ) = Hiy(Spa(X, ), Z/pZ) = { 05(S)/(F —1)0s(S) i =1,
0 1> 2.
Proof. This follows from Theorem 13.7 via the Artin Schreier sequence. U

Corollary 14.4. Let S be a regular integral scheme of characteristic p > 0 and X dense
and pro-open in S. Assume that resolution of singularities holds over S. The Leray
spectral sequences associated with the morphisms of sites Spa(X, .S); — Spa(X, 9)s¢ and
Spa(X, S)set — Se induce natural isomorphisms

Hét(sa Z/pZ) = H;ét<spa(X7 8)7 Z/pZ) = HZ(Spa(X7 S)a Z/pZ)
for all 1 > 0.
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Proof. 1t suffices to show that
HtZ<Spa(X7 S)7 Z/pZ> - Hzét(spa()g S)a Z/pZ) =0

for ¢+ > 0 in case S is strictly henselian. This follows directly from the description given
in Proposition 14.3. U

Corollary 14.5 (Purity). Let S be a noetherian scheme of characteristic p > 0 and X
a regular scheme which is separated and essentially of finite type over S. Assume that
resolution of singularities holds over S. Then for any pro-open dense subscheme U C X
we have

H{(Spa(U, S), Z/pZ) = H|(Spa(X, S), Z/pZ).

Proof. Let X be a regular compactification of X over S. Then X is also a compactification
of U over S. Hence, by Corollary 14.4 both cohomology groups equal H.,(X,Z/pZ). O

Corollary 14.6 (Homotopy invariance). Let S be a noetherian scheme of characteristic
p > 0 and X a regular scheme which is essentially of finite type over S. Assume that
resolution of singularities holds over S. Then

H{(Spa(X, S),Z/pZ) = H;(Spa(Ax, S), Z/pZ).

Proof. Consider the Leray spectral sequence associated with Spa(Ak, S) — Spa(X, S). It
suffices to show that there is a basis B of the topology of Spa(X, S), consisting of spaces
of the form Spa(U,T') such that for every cohomology class

¢ € Hy (Spa(Ay, T), Z/pZ)

there is a covering {Spa(U;, T;)} — Spa(U,T) such that £ restricted to Spa(Af, ,T;) van-
ishes for all 7.

By our assumption on resolution of singularities, there is a basis B of the topology
of Spa(X,S); consisting of adic spaces Spa(U,T) where T is regular and U is pro-
open in T. Fix an object Spa(U,T) in B. Since Spa(A},T) = Spa(A},P%) and A}
is pro-open in the regular scheme PL, Corollary 14.4 tells us that the cohomology group
H!(Spa(A};,T),Z/pZ) equals

Hy(Py, Z./pZ.).
(Remember that T has characteristic p). Using the Leray spectral sequence associated
with PL — T we find that this is isomorphic to HZ(T,Z/pZ). For every class ¢
in HZ(T,Z/pZ) there is an étale covering {7;} — T such that (|, vanishes. But
then the corresponding class ¢ in H;'(Spa(A(,T),Z/pZ) vanishes when restricted to
Spa(A},.,1,, Ti). Since the family

{Spa(Ay 1, T} — Spa(Ay, T)

is a covering family, this finishes the proof. U

REFERENCES

[AM69] Michael Artin and Barry Mazur. Etale homotopy. Springer-Verlag, Berlin, 1969.

[BGR84] Siegfried Bosch, Ulrich Giintzer, and Reinhold Remmert. Non-Archimedean Analysis, volume
261 of Grundlehren der mathematischen Wissenschaften. Springer-Verlag Berlin, Heidelberg,
1984.

[Con07] Brian Conrad. Deligne’s notes on Nagata compactifications. Journal of the Ramanujan Math-
ematical Society, 22(3):205-257, 2007.

[CR15]  Andre Chatzistamatiou and Kay Riilling. Vanishing of the higher direct images of the structure
sheaf. Compositio Mathematica, 151(11):2131-2144, 2015.



THE ADIC TAME SITE 45

[EGA4.2] Alexander Grothendieck. Eléments de géométrie algébrique. IV. Etude locale des schémas et

des morphismes de schémas. II. Inst. Hautes Etudes Sci. Publ. Math., 24:231, 1965.

[EGA4.4] Alexander Grothendieck. Eléments de géométrie algébrique. IV. Etude locale des schémas et

[EPO5]
[Ful5]
[Hub93a]

[Flub93b]
[Hub94]

[Hub96]
[KS10]
[KZ02]

[NSWO08]|

[Ray70]
[RGT1]
[Rho91]
[SGAI]
[SGA4|
[SP]
[Tem11]
[Tem17]

[Wie08]

des morphismes de schémas IV. Inst. Hautes Etudes Sci. Publ. Math., 32:361, 1967.

Antonio Engler and Alexander Prestel. Valued fields. Springer Monographs in Mathematics.
Springer-Verlag, Berlin, 2005.

Lei Fu. Etale cohomology theory, volume 14 of Nankai Tracts in Mathematics. World Scientific
Publishing Co. Pte. Ltd., Hackensack, NJ, revised edition, 2015.

Roland Huber. Bewertungsspektrum und rigide Geometrie, volume 23 of Regensburger Mathe-
matische Schriften. Universitdt Regensburg, Fachbereich Mathematik, Regensburg, 1993.
Roland Huber. Continuous valuations. Mathematische Zeitschrift, 212:455-477, 1993.

Roland Huber. A generalization of formal schemes and rigid analytic varieties. Mathematische
Zeitschrift, 217:513-551, 1994.

Roland Huber. Etale cohomology of rigid analytic varieties and adic spaces. Aspects of Math-
ematics. Vieweg, 1996.

Moritz Kerz and Alexander Schmidt. On different notions of tameness in arithmetic geometry.
Mathematische Annalen, 346:641-668, 2010.

Manfred Knebusch and Digen Zhang. Manis Valuations and Priifer Externsions I, volume 1791
of Lecture Notes in Mathematics. Springer, 2002.

Jiirgen Neukirch, Alexander Schmidt, and Kay Wingberg. Cohomology of number fields, vol-
ume 323 of Grundlehren der Mathematischen Wissenschaften. Springer-Verlag, Berlin, second
edition, 2008.

Michel Raynaud. Anneauz Locaux Henséliens, volume 169 of Lecture Notes in Mathematics.
Springer-Verlag Berlin, Heidelberg, 1970.

Michel Raynaud and Laurent Gruson. Critéres de platitude et de projectivité, techniques de
platification d’un module. Inventiones mathematicae, 13:1-89, 1971.

Christopher P. L. Rhodes. Relatively Priifer pairs of commutative rings. Communications in
algebra, 19:3423-3445, 1991.

Alexander Grothendieck. Revétements étales et groupe fondamental (SGA 1). Séminaire de
géometrie algébrique du Bois Marie - 1960-61. Springer-Verlag Berlin; New York, 1971.
Michael Artin, Alexander Grothendieck, and Jean-Louis Verdier. Théorie de topos et cohomolo-
gie étale des schémas (SGA /). Séminaire de géométrie algébrique du Bois-Marie - 1963-64.
Springer-Verlag Berlin; New York, 1972.

The Stacks Project Authors. The stacks project. https://stacks.math.columbia.edu.
Michael Temkin. Relative Riemann-Zariski spaces. Israel Journal of Mathematics, pages 1-42,
2011.

Michael Temkin. Tame distillation and desingularization by p-alterations. Annals of Mathe-
matics. Second Series, 186(1):97-126, 2017.

Goetz Wiesend. Tamely ramified covers of varieties and arithmetic schemes. Forum Mathe-
maticum, 20:515-522, 2008.


https://stacks.math.columbia.edu

	1. Introduction
	2. Background on adic spaces
	3. The strongly étale and the tame site
	4. Openness of the tame locus
	5. Limits of adic spaces
	6. Points of the strongly étale and tame topos
	7. Topological invariance
	8. Comparison with étale cohomology
	9. Comparison with the tame fundamental group
	10. Cohomology for discretely ringed adic spaces
	11. Prüfer Huber pairs
	11.1. A flatness criterion
	11.2. Cartesian coverings of Huber pairs
	11.3. Laurent coverings and Zariski cohomology

	12. Strongly étale cohomology
	13. Tame cohomology
	13.1. Computation of integral closures
	13.2. Computation of tame cohomology

	14. The Artin Schreier sequence
	References

