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ABSTRACT

For the locally symmetric space X attached to an arithmetic subgroup of an
algebraic group G of Q-rank r we construct a compact manifold X by glueing
together 2" copies of the Borel-Serre-compactification of X. We apply the classical
Lefschetz fixed point formula to X and get formulas for the traces of Hecke
operators H acting on the cohomology of X. We allow twistings of H by outer
automorphisms n of G. We stabilize this topological trace formula and compare
it with the corresponding formula for an endoscopic group of the pair (G, 7). As
an application we deduce a weak lifting theorem for the lifting of automorphic
representations from Siegel modular groups to general linear groups.

Introduction

0.1. ToroLoGICAL TRACE FORMULA: The aim of this paper is to develop a topological
trace formula for Hecke operators acting on the ordinary cohomology of locally symmetric
domains X attached to congruence subgroups of an algebraic group G/Q. We want to deal
with the twisted case also where we allow the Hecke operators to be twisted by an outer
automorphism of G. In the untwisted case such formulas have already been developped
respectively applied by several authors: [Bew|, [GKM1], [GKM2], [GM2], [Har2], [Har3],
[KuS], [RoSp], [W1].

We will deduce our formula from a Lefschetz fixed point formula for compact manifolds,
restated in 3.3. Since the spaces X are not compact, we have to use a trick for this
reduction: We construct a compact manifold X, which is obtained by gluing together 2"
pieces of the Borel-Serre-compactification X ([BS]) along their boundary strata, where r
denotes the Q-rank of G. On X we have an action of the group S® := {£1}", such that the
quotient X /S? is isomorphic to X. Under this isomorphism we can identify the ordinary
cohomology of X with the S2-invariant part of the cohomology H(X) and similarly the
cohomology with compact supports of X with the y_;-eigenspace of H(X), where y_1 :
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SA — {41} denotes the character (1,...,&,) — &1 - - - €,. By twisting our (twisted) Hecke-
correspondences with all elements o € S® we thus get the correspondences, to which we
can apply the simple fixed point formula for manifolds. By this method we avoid the
application of intersection cohomology to a singular compactifications (e.g. the reductive
Borel-Serre-compactification [GHM], [GT]).

It should be noted that a similar construction already appears in the work of Oshima
[Osh]. But while she gives a compactification Yo, of the symmetric space Y of G(R) i.e.
she makes a construction over R, we want to construct a compactification of the locally
symmetric quotient I'\Y', where I denotes some congruence subgroup in G(Q), i.e. we
have to introduce an arithmetic construction. In fact we will construct some extension
(not a compactification) Y of Y, such that the action of I' can be continued to a proper
discontinuous action on ¥ (at least for some smaller neat congruence subgroup of I'), such
that X ~ F\f’. But the space Y is topologically highly non trivial and has no relation to
Yosn apart from the fact that it contains 2" copies of Y too.

0.2. THE EXAMPLE SLy. The upper half plane H = H* ~ SLy(R)/SO2(R) is the symmet-
ric space for SLg(R). Then Oshimas construction just gives the complex projective line
Yosn = PY(C) = HTUH~UP!(R), but the action of I cannot be continued in a satisfactory
way from H to P!(C), so that we don’t get a good compactification of I'\Y in this way.

Our construction can be described as follows: We too can take HT and H~ as the two
copies of H, but we embed them into the complex affine line A = C in the following way:

1
cHTUH™ — C, —x+i-y :n—{—z;
We take a set of representatives {0}sea for SLo(Q)/B(Q) ~ P(Q), where B C G denotes

the Borel subgroup of upper triangular matrices and define the embeddings
s HYUH™ < C, z—1(0(2))

Now Y is obtained by gluing together [ Js. o C along their open subspaces H*™ UH"~, where
each subspace is embedded via 5 into the component C which is indexed by §. So we get
for each rational cusp in P'(Q) a real line which lies in the common closure of HT to H~
and a homotopy class of paths from H™ to H~.

Let us illustrate the procedure of computing Euler characteristics x(X) and Lefschetz
numbers via the compactification procedure in some examples:

ExaMPLE 0.3. Let X be a Riemann surface of genus g with n > 1 small disks removed.
If one glues together 2 copies of X along the boundary 0X which is the disjoint union
of n copies of S!, one gets a compact Riemann surface X of genus 2g +n — 1. One has
x(X)=2-2(2g4+n—1), x(X) =0 and

WX = wlX) = (2—2(2g+2n—1))+0

= 1-(29+n—-1) = h»X)-rY(X).
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EXAMPLE 0.4. Let X be an open interval. Then 0X consists of the two boundary points
of X and X is homoeomorphic to S1, i.e. x(X) = 0 and x(90X) = 2. In this case we get

X(X) + x(0X) ) = 1 X o)

X(X) = 1= 5 5
0.5. IN SECTION 1 we construct the spaces X and Y carrying an action of the group S2
in an adelic language. We avoid to refer to constructions in the paper of Borel and Serre
[BS] and formulate our constructions in a more group theoretical language which gives the
manifold structure of ¥ immediately. It would be rather unnatural to start with manifolds
with corners to get the manifold structure. The group theoretical description in an adelic
language enables us to compute and describe the sets of fixed points.

0.6. IN SECTION 2 we compute the sets of fixed points of Hecke correspondences twisted
by an outer automorphism 7. This section uses well known methods ([Bew|,[GM3]) and is
of computational nature.

0.7. IN SECTION 3 we develop a general Lefschetz fixed point formula for n-twisted Hecke
correspondences on locally symmetric spaces. At first we restate a more or less well known
version of the Lefschetz fixed point formula for compact oriented manifolds. We do not
assume that the correspondence has only isolated fixed points but allow higher dimensional
submanifolds Y; of fixed points, such that the correspondence is only transversal to the
diagonal in the normal direction to Yj.

We apply this fixed point formula to the n-twisted Hecke correspondences ‘H twisted with
elements o € S acting on X. Of course we have to prove that our modified transversality
assumptions hold. The Lefschetz number of H on the cohomology (resp. cohomology with
compact support)of X can then be obtained as linear combination of the Euler characteris-
tics of different sets of fixed points. One has to stratify the sets of fixed points with respect
to the different boundary strata of the Borel-Serre compactification. Fixed point strata on
the boundary contribute several times to the fixed point formula. These contributions may
cancel each other depending on the signs with which the fixed point components contribute
to the trace formula. This corresponds to the theory of contracting and expanding fixed
points in the work of Goresky and MacPherson ([GM1]) and of Bewersdorff ([Bew]). The
Fuler characteristics involved can be handled with the Gauss Bonnet formula of Harder
([Har1], [Leu]), so that we arrive at a first version of the trace formula involving orbital
integrals.

0.8. IN SECTION 4 we stabilize this trace formula under certain conditions on the vanishing
of the Galois cohomology of the group G, which are satisfied in the main applications we
have in mind. We give a self contained version of this stabilization process independent
of the general theory of [KoS], since the topological trace formula kills several difficulties
of the general trace formula of Arthur and Selberg [Ar| but requires some additional
considerations at the archimedean place.

0.9. IN SECTION 5 we compare two topological trace formulas for a group G with outer
automorphism n and its stable endoscopic group G1. We formulate a lemma which com-
pares the traces of matching elements on the coefficient systems. We get that the Lefschetz
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numbers of matching (n-twisted for G') Hecke correspondences on the two locally symmet-
ric spaces coincide. Using the work of Ngé and Waldspurger on the (twisted) fundamental
lemma this implies that the cohomology of X may be considered as the lift of the co-
homology of X, modulo representations induced from G(Af) to G(Ays) x (n). We will
formulate our final result for the lifting from Sp,,, to PGLa,4+1 and for the lifting from
GSping,, ,; to GLa, X GL1 over a totally real number field F'. Remark that GSp, is GSpins,
so that we get two liftings from symplectic groups of genus 2 to general linear groups. A
lifting from PGSp, to PGL4 has been obtained already by Flicker [F13] using a variant of
Arthurs trace formula.

Our result depends on a naive definition of liftings of representations of the finite adele
group: We have to assume, that the normalization of Haar measures on the centralizers
of global elements is in such a way, that certain factors involving the infinity component
agree. This will be sufficient to get weak lifting statements, but requires a more subtle
analysis to get precise lifting statements including multiplicity formulas.

Details and applications of this result will be given in a forthcoming paper [Wes].

ACKNOWLEDGEMENTS

I have to thank a lot of people whose influence let this work grow over a lot of years: Espe-
cially mathematical conversations with and moral support from G. Harder, R. Weissauer,
J. Ballmann, Ch. Kaiser have been very stimulating for this work as has been the interest
of many other people. Among all of them I have to mention J. Rohlfs, J. Schwermer, L.
Clozel, J. Tilouine, , J. Schlippe, J. Arthur, H. Kim, L. Ji.

1. The spaces

Levi and maximal compact subgroups

1.1. REDUCTIVE GROUPS. Let G/Q be a connected reductive group, G its derived group
and Z = Zg its center. We fix a minimal parabolic Q-subgroup Fy and a maximal Q-split
torus Sy C Py. Let ® = ®(G, Sp) C X*(Sy) be the set of Q-roots of G with respect to
Sp, ® C ® the subset of positive roots with respect to Py and A C & the set of simple
roots.

1.2. PArABoLICS. The subsets J of A are in 1-1-correspondence with the G(Q)-conjugacy
classes of rational parabolic subgroups. Each conjugacy class contains exactly one standard
parabolic subgroup, denoted by Py, i.e. satisfying Py C Py C G. We define for J C A:

Sy = (ﬂ kera> c S

acd
My = Cent(S;y) = centralizer of Sy in G
4, = (Ss®m)NGO®)’
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As usual the upper index ° describes the connected component of the identity (in the first
line for the Zariski topology, in the last line for the real topology). We denote by U (resp.
Up) the unipotent radical of P (resp. Pp). Then we have

P; = M;-Uy = MyxU;

Sp = So, Py = P, Pn = G
and Sa is the maximal Q-split torus in Zg.
LEMMA 1.3. (compare [Bol] 20.6(i), 11.23(ii))

(a) If M C Py is a Levi subgroup with S; C M then M = M.
(b) Ifu='-Mjy-u= M;j for some u € Us(Q) then u = 1.

Proof: (a) Since My is a Levi subgroup of P; and any two Levi subgroups of P; are

conjugate, there exists u € Uy(Q) such that
(1) M=wu-Mj-u '

This impliesﬁu‘lSJu Cu'Mu= Mj;= Cent(Sy),ie (u'siu) sy =sy-(u"tsyu) for all

s1,82 € S7(Q). We can rewrite this equation in the form (since S; is abelian)

1 1)

51 (55 usau™ = (sy usou™') - s1.

Since this is valid for all s; € S;(Q) we get:
(55 usg) -u™t € M;(Q) = Cent(S;(Q)).

On the other side we have (sy Yusy) - u=' € Us(Q), since sy normalizes U;. Therefore
551u52 : ujl € M;(Q)NnU,Q) = {1}, i.e. usy = spu for all s3 € S;(Q), so that u €
Cent(S;(Q))NU;(Q) = {1} and therefore M = M, which proves (a).

If we start with M = M in (1) we arrive again at v = 1 with the same proof, i.e. we get
the statement (b). ]

LEMMA 1.4. There exists a maximal compact subgroup K7 C G(R) such that
M;RNKY = P;RNKZ for all J C A.

Proof: Let K; be some maximal compact subgroup of G(R). We denote by 6; the Cartan
involution of G/R with respect to K ([BS, 1.6]). The group M; := PyN61(Fo) is the unique
Levi subgroup of Py stable under 6; (apply [BS, 1.8] for L = G, H = Fy). We have M; =
u-Mo(R)-u~! for some u € Up(R). Put K™ := u~' Kju. Now g := int(u) o oint(u) is
the Cartan involution of G/R with respect to K2 (This may be deduced easily from the
characterization in [BS, 1.6].) We have 0y(Mp) = int(u) =101 (M) = int(u) "1 (M;) = M.
For arbitrary J C A we get:

Qo(PJ) NP; D eo(P[)) Nk = u (01(P0) ﬂPo)u = ’U,ilMl’u, = My>DSyDSy.

Again by [BS, 1.8] the left hand group is a Levi subgroup of P; so that we get M; =
6o(Py) N Py by lemma 1.3(a). Now P;(R) N K7 = {p € P;(R)|0o(p) = p} C P;(R)N
0o(Py(R)) = M (R). Therefore Py(R) N K™ = M;(R) N K™ for all J C A. 0
LEMMA 1.5. The family of simple roots (a)qaeca—J induces an isomorphism of groups:

Ap = (R
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Proof: (compare [BS] 4.2.(2)) The exact sequence of algebraic groups
1-85,nG0 5 8,naM 5 (G4 -1
induces an exact sequence:
1 - SAR) NGV (R) - S;(R) N GH(R) — (R)2 = HYR, 54 nGW) = 1,

since Sy NG is a split torus. Now the first and fourth term are finite groups, so that the
middle map induces an isomorphism between the connected components of the identity of
the second and third term. Since Aj; is the connected component of the second term, the
claim is now clear. O

Multi-pushouts

1.6. THE CATEGORY Ja. For a set A we denote by P(A) the set of its subsets. We define
a category Ja whose objects are pairs (I,J) with I C J C A i.e.

Ob(Ja) = {U,J)eP(A)xPA)ICJT} and where
consists of one element &7 ifICcCKcLcCJ
Morph((1, 1), (K, 1) { o W

There is a unique and obvious composition of morphisms.

If C is another category we denote by C72 the category of functors F : Ja — C. The
category C may be embedded as a full subcategory into C72 if we associate to every
¢ € Ob(C) the constant functor F,: (I,J) — c, @?}L — id.

For F € C74 we denote by lim F € Ob(C) the direct limit of F (if it exists). This means

Ja
(2) Hompas (FyF,) = Home(lim F, c) for all ¢ € Ob(C).
Ia
ExamMpLE 1.7. If C is the category of sets, one can construct lim F' in the following way:
Let X = U F(j) be the disjoint union of all F'(j). Define an equivalence relation ~
JEOL(TA)

by: For x € F(j) and 2’ € F(j') we have x ~ 2’ if and only if there are sequences
J=1JosJts- s don =4 of objects in Ja,
x; € F(4;) 1=0,1,...,2n of elements and
B2i41 : J2it1 — J2is G2i+2 * J2i1 — J2i+2, i=0,1,...n—1  of morphisms
such that 2 =wzo, 2’ =x2n, F(d2ig1)(T2i41) = T2i,  F(P2i42)(@2i41) = T2i42.

Then it is obvious that X/~ satisfies the defining property (2) of the direct limit lim F.
VN

ExampLE 1.8. If (I,J) — Xy, is a functor from CI2 to the category 7 of topological
spaces, we may construct X = lim X; ; as follows: The set X is the limit in the category

of sets; it carries the quotient topology with respect to the map U X7,5 — X. This means
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that a subset U C X is open if and only if all <I>I_1J(U) C Xy,; are open. Here we denote
by ®; ;: X7 — X the natural map.

ExaMpPLE 1.9. If A = {e} consists of just one element, then lim F' is the pushout in the

following diagram

F((0,{e})) —— F(({e}.{e})

| !

P(®0) —— lmF

For general A we can think about lim F' as a multi-pushout.
I

ExaMPLE 1.10. Assume that there exists Jy C A such that F fulfills the following prop-
erties:

(3) F(I,J) = 0 (the initial object in the category C) if J € Jy,
(4) o:F(I,J) — F(,K) is an isomorphism for I C K C J C Jy.
Then we have lim F' = F(Jy, Jo).

Proof: For ¢ € Ob(C) consider the obvious map:
U:  Hompss(F,F.) — Home(F(Jo,Jo),c).

Conversely if ¢ : F(Jy,Jo) — c is given, we can associate to it the transformation pa :
F — F, such that we have for I C J C Jg:
(7:5,) v’

oa(l,J): F(I1,J) —>> F(I,Jy) ——

and such that pa (7, J) is the unique map from the initial object @ to ¢ if J € Jy. It is easy
to check that pa is an element of Homz, (F, F) and the only one satisfying ¥(¢oa) = ¢.
Therefore ¥ is an isomorphism. O

F(Jo, Jy) —— ¢

ExaMpPLE 1.11. Let C be the category of sets and Ca the category, whose objects are
pairs (A, 7), where A is a set and 7 is a map from A to P(A), and where morphisms
¢ : (A,mq) — (B,mp) are maps ¢ : A — B such that rpo¢ = 7m4. If F: Jao — Ca is
a functor then we get for every Jy C A a functor Fj, : Ja — C, such that Fy,(I,J) is
the inverse image m—!(Jp) inside the first component of F(I,.J). If we assume that F,
satisfies (3) and (4) for every Jy C A then we can describe the direct limit as follows:

lim F -~ U Fy,(Jo, Jo), ™
I JoCA

where the map 7 takes the value Jy on the component Fj,(Jo, Jp).
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Distance functions and reduction theory

1.12. ABSOLUTE VALUES OF CHARACTERS. The natural inclusion S; C P induces a nat-
ural restriction map for characters r : X*(Pr) — X*(Sr) which becomes an isomorphism
after tensoring with Q:

ro: X'(P)®@Q — X*(S1)®Q, ie.

for x € X*(S7) there exists N € N and ¥ € X*(P;) such that x = r(¥)". Then we denote
by

(5) Ix|: Pr(A) — RE, the character
g~ %I,
where x : Pr(A) — A* = G,,,(A) and the absolute value denotes the idele norm.

DEFINITION 1.13. DISTANCE FUNCTIONS. Let K = KKy C G(A) be a compact subgroup
such that Ko, C G(R) is maximal compact and K¢ C G(Ay) is open. A distance function
with respect to I C A, to a character y € X*(S7) and to K is a map

d=dy=dyg: GA) — Ry, such that
(6) dy(pgk) = IxI(p)-di(g)  forpe Pr(A), ke K, g G(A).

1.14. The Iwasawa-decomposition G(R) = Py(R) - Koo = Pr(R) - Ko implies the isomor-
phism of double coset spaces:

Pr(ANG(A)/K = Pr(Ap)\G(Ay)/ K.

The right hand side is finite since it is the set of (open!) Kf-orbits in the compact quotient
space Pr(Ap)\G(Ay) (K acting via right translations on this space). Let {g,,...,g } be
a set of representatives for Pr(Af)\G(Af)/K. Then we have a bijection between the set
of all distance functions d with respect to I, x, K and (R%,)" given by d — (d(g,))1<i<n:
We get the injectivity of this map from the construction of the g, together with the
characterizing property (6) of distance functions. The surjectivity may be deduced from
the fact, that an equation pg .k = P giE’ implies Q_l pl € Pr(Ap)N 9.K fgi_l and therefore
Ix|(p) = |x|(p'), since R% contains no nontrivial compact subgroups, so that the image
of the compact group Pr(A )N 9,K fgi_l under |x| is trivial. This implies that one always
gets via (6) well defined distance functions if one prescribes their values at the g,

We observe that any two distance functions d,, JX with respect to the same triple I, x, K
are equivalent in the sense that there exist c1, ca € R such that

c1-dy(g) < Jx(g) < c2-dy(g) for all g € G(Ay).

In fact we can put ¢; = minigi<n dy(g,) - dy(g.) ™" and c2 = maxy<i<n dy(g.) - dy(g.)

=1 =1 =1 =1

-1

EXAMPLE 1.15. (compare [Harl]) Let
Xi=xp = Y a-dim(Lie(U)a) € X*(P) C X*(Sr) € X*(S).

acdt
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For g« € G(R) we denote by 6,_ the Cartan involution with respect to the compact group
Goo K9, by By, the bilinear form B, (X,Y) = —B(X,0,.Y), where B is the Killing
form on g = Lie(G(R)), and by dy4_uc the Haar measure on Ur(R) which is induced by
the restriction of By to Lie(Ur). Furthermore let dy,uy be the Haar measure on Ur(Ay)
such that Ur(Af) N ngngTl has volume 1. Then

dy,(9) = 00ldy uc-dg,ur (Ur(@)\UI(A))

defines a distance function on G(A) with respect to x; and K.

Now we fix K and distance functions d, with respect to {a} C A, a € X*(S{a3) C X*(So)
and K.

We may state the main theorems of reduction theory in the following form:

THEOREM 1.16. For every I C A there exists C1 = C1(I) > 0 such that for every g € G(A)
there is 6 € Pr(Q) satisfying

do(dg) > O for all o € 1.

Remark: We may replace C;(I) by the constant C; = minjca C;(J), which is independent
of I.

Proof: It is easy to see that it suffices to prove the theorem for one chosen K and a
fixed family of distance functions (dy)aca. In the case I = A, i.e. P = G the claim
is an immediate consequence of Borels theorem as stated in [God, Théoreme 7]. For
arbitrary I C A let (z;);es) with z; € G(Ay) C G(A) be a finite set of representa-
tives for the double cosets Pr(A¢)\G(Ay)/Ky. For j € J(I) define &, (p) = do(px;) as
a distance function on M; = P;/Us with respect to {a}, a € X*(Sf,)) C X*(Sp) and
K;=xz;K fm;1 N Pr(A). Applying Borels theorem again we get constants C’{ > 0 such that
for every p € Pr(A) there exists § € Pr(Q) satisfying #0p) > Ciforallael. In

view of the double coset decomposition G(A) = ;¢ ;y) Pr(A)z; K we now get the claim
with Cy(I) = min;e ;) Cf. O

THEOREM 1.17. For every Cy > 0 there exists Cy > C such that we have for [ C A, § €
G(Q), g€ G(A):

If do(6g),da(g) > C1 for all « € A
and do(0g) > Co forall o € A—1
then § € Pr(Q).

Proof: This is a reformulation of [Fr, Theorem 1(3)].

The components

1.18. THE SPACES X7 ;. Now we fix some maximal compact subgroup K7} C G(R) satis-

fying the conditions of lemma 1.4 and some open normal subgroup K., C K7 satisfying
GR) = F(R) - K.
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Let Z, be the connected component of the group of R-valued points of the maximal
R-split subtorus of the center Zg/R.

For J C A we fix the notations
K = PRNKyx = M;R)NK.

Let the group (comp. 1.2, 1.5)

Ay = (SJ(R) N G(l)(R)>O act on the space
Yy = {(ea)aca € ]RA‘ ea € {+1,-1} forae J} C R via the roots
a-(ea)aca = (a(a)-ea)qen -

For I C J the group A; acts on the space P;(R)/K. - Z,, via right translations, since
Ay C Sy(R) C S7(R) centralizes K c M;(R). For I C J we can form the quotient space

(7) X[,J = G(Q) XP[(Q) (PI(R)/K(;ZOO) XAy YJ.

More precisely we consider the quotient of G(Q) x Pr(R) x Y; under the equivalence
relation (v, p,y) ~ (7/,p',y') iff there exist 6 € P;(Q), a € Ay, k € KL - Z,, such that

V=~ p =0t pk-a y=a-1y.
LEMMA 1.19. For I C I' the canonical map
P(R)/KL - Zo — Pp(R)/KL - Zoo
is an isomorphism.
Proof: The corresponding map with Z, replaced by {1} is injective by the definition of K .
Since the composite map Py(R) — Py(R)/K? — G(R)/K is surjective by assumption,

the claim is now clear for Z,, replaced by {1} and then obviously also for the original
oo O

1.20. THE MANIFOLD STRUCTURE OF X ;. By the above lemma we can replace P;(R)/KZL -
Zs by the corresponding space P;(R)/KZ - Z, in (7). We denote by "P; the intersection
of the kernels of all x2, where y ranges over all characters x : Py — P;/Zg — Gy,. Then
there is a unique decomposition P;(R) = °P;(R) x A;. We remark

(PJ(R)/KgOZOO « RO~ x {il}‘]> JA; ~ OP;(R)/KL Ze x RO x {£1}7.
Using a set of representatives for G(Q)/P;(Q) in G(Q) we can thus identify
X1y = (GQ/P(Q)x °PyR)/KLZ x RO x {£1}7.

Since °P;(R)/ K7 Z, is a submanifold of the symmetric space Py(R)/KZ Zo, ~ G(R) /Koo Zoo,
we get a structure of X7 ; as a differentiable manifold, if we equip G(Q)/Pr(Q) and {+1}/
with the discrete topology, R*~7 with the usual structure as a manifold and then take the
product structure.

1.21. FUNCTORIALITY FOR X ;. The isomorphism of lemma 1.19 induces surjective maps
which are coverings in the category of differentiable manifolds:

T XLJ —» X[/J for IcI' CJ.

10
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If I ¢ J C J we get an injective map (injective by the definition of Aj):

i Xy o= Xpgy
which is induced from the inclusion Y < Y. For I C I' C J' C J we get a commutative
diagram:

Xy —— Xpyg

(%) | |

X — Xp.y

Consequently we get a functor X from the category Ja into the category of topological
spaces. We denote by X the direct limit over all spaces X7y where I C J C A:

X = lim X]y].

1.22. THE GROUP H. We introduce the group
Heo = (KXNRR)/KL = (KLNP(R)/(KxnFRo(R)).

For all I C A we have a canonical isomorphism ¢7 : Heo (K™ N Pr(R)) /KL : Injectivity of
v1 is implied by KL NPy(R) = K’ . For the surjectivity observe that each go, € K7NP;(R)
can be written in the form goo = Poo * koo With po € Py(R) and koo € Koo. But then also
Poo = Joo - kol € KT, ie. poo € KN Py(R) and therefore ks = polgoo € Pr(R) N Koo =
KL.

Since each element in K N Py(R) normalizes the groups K., Z,, and A; the group Hoo
acts by right translations on the spaces X; ; and these actions are compatible with the
maps 7 and 7.

1.23. SIGN MAPS. Next we introduce the sign space ©2 = {—1,0,+1}* and the sign
map sign : R® — ©2, which is component for component the usual sign map.

For ¥ = (Ya)aca € R® we call supp(y) = {a € Aly, # 0} its support. This definition
also applies to the sign space ¥ C R?, such that we have supp(y) = supp(sign(y)) for
y € RA.

Since the action of Ay C Ay on RA fixes the signs we get sign maps
sign:  Xpj; — A and sign: X — XA

For I c J' C J we have

Xy = {ZZ‘GX[’]/ supp(:r:)DJ}.
We define for J C A:
E;y = {xe€ X |supp(zr)=J}, so that
X = U E;. We have
JCA
{z e X1 4| supp(z) = Jo} = 0 for J & Jy and

Il

{z € X1.5| supp(z) = Jo} {x € X1 5| supp(x) = Jo} for IcJcCdJy

11
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We consider X7 ; as a set together with the support map to P(A). The functor (I, J) —
(X71,7, sign) satisfies the conditions of example 1.11 above. Then it is easy to see:

Ej, = lim {ze€ Xy |supp(z) =Jo} = {xe€ Xy 5lsupp(z)=Jo}
ICJCJy

= G(Q) xp, Pr(R)/KL - Ay - Zoo x {—1,4+1}7 x {0}27.

1.24. THE SIGN GROUP S2. The set S2 = {—1, 4—1}A forms a group under componentwise
multiplication. It acts on R®, X2, Y} for all J C A by componentwise multiplication and
therefore also on all X7 ;. We write the action of S2 as a right action. The sign map
and all maps ,i are S®-equivariant, so that S® acts on X. S may be identified with
the set of all subsets of A: For J C A we denote by s; = (7a)aca the element with
ro = —1 < « € J. It is rather obvious that

X% = {zeX|lz-sy=za} = U Er.

InJ=0

1.25. THE QUOTIENTS X7 j(Kf) AND X (K). For a compact open subgroup Ky C G(Ay)
we introduce the spaces:

Xry(Kp) = G@Q\X1gxG(Af)/Ky  and
X(Ky) = GQ\XxG(Ap)/Ky = lim Xj (Ky).
I1,J

We have a canonical identification
Xri(Kp) = PrQN\(Pr(R)/KLZoo xa, Y5) x G(As) /K.

We fix an open compact subgroup Zy C Zg(Ay) (which will be assumed to be sufficiently
small later). In the following we shall consider only such K, which satisfy

(9) KinZa(Ay) = Zy.

The set of all Ky satisfying (9) is invariant under conjugation and under intersecting its
members. If Ky = K} - Zy for an open compact subgroup K} c GW(Ay) then (9) is
equivalent to the condition K} N Za(Af) C Zs. In case K} =11, K} and Z; = I, Z»
the local conditions K N Zg(Qp) C Z, have to be checked only for those finitely many p
where Z), is not maximal compact in Z;(Q)). We define the group

C = Zg(Q) M (Koo'Zoo X Zf).

It acts trivially (from the left) on each X7 ; x G(Ay)/Ky and on X x G(Ay)/Ky. We now
assume

(Assk,) For all gr € G(Ayf), goo € G(R) we have
(ngfgfl 'gooKooZooggol) NG@Q) =¢

LEMMA 1.26. Each K satisfying (9) contains open subgroups satisfying (Ass, ).

12
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Proof: By shrinking Ky we may assume K; = K} - Zy for an open compact sub-
group K} =11, Kg C GW(Ay). We claim that we are done, if we replace some K;
by an open pro-p-subgroup (which will be denoted by the same symbol): Let ¢ =
(ngfgfl -gooKooZoogo_ol) N G(Q). If n denotes the order of the finite algebraic group
GW N Zg, then there exists an isogeny of tori w : G/G(l) — Zg such that T o w
is the multiplication by n, where 7 : G — G/G(l) is the canonical projection and
T Zg — G —» G/G(l) the induced isogeny with kernel G N Zg. For v € C~ we get
A" =0 pwith 0 = w(r(y)) € Za(Q)N¢ = ¢ and p € GW(Q) N . The rational ele-
ment p is now of finite order, since its archimedian component lies in the compact group
Joo K09z} But the p-component of p is contained in the product of the torsion free pro-
p-group gp - Kzl, “Gp 1 and a subgroup of the finite central group (G N Za)(Qp). Therefore
p must be central, i.e. p € Za(Q) N GH(Q) N ¢ = ¢ and thus v € ¢. Looking again at
the p-component and using that g, - K; "Gy l'is a pro-p-group we conclude that already ~y
must be central, i.e. v € . O

LEMMA 1.27. The action of G(Q)/¢ on each X1 j x G(Ay)/K; and therefore on X x
G(Ay)/Ky is free of fixed points.

Proof: Let ((7,p,v),g9f) be a representative of an element of X7 ; x G(Ay)/Ky which is
a fixed point under 6§ € G(Q). Then there exist p € Pr(Q), koo € KL, a € Af, 200 €
Zso, ky € Ky such that

(67, 0,y,697) = (v, p 'Phoczeca, ay, grky).

This means p = v~ 19y = 7_1gfkfg;1fy € v_lngfgjily N Pr(Ay). Since the latter is a
compact subgroup of Pr(Ay), its image under the absolute value of each root a € A — T
must be 1. Thus |a(p)|e = |oz(,0)|j?1 = 1. On the other side we have a = 2z 'k !p~!pp and
therefore a(a) = |a(a)| = |a(200) 7| - |a(koo) 7Y - |a(p)|oo = 1 for all a € A — I. Since we
know this already for « € J D I we get a € Ax = {1}. Now p € G(Q), p € fy_lngfgj?Ly
and p € pKooZoop~t. Therefore p € ¢ by assumption Assy ;- Since p is central the equation
dy = 7yp implies § = p € (, i.e. 0 represents the identity in G(Q) /(. O

1.28. For each distance function d, : G(A) — R%, associated to o € A we define a
function D, : Xy ; — R by

Da(¥,P00ry) = da((Poos 7)) [Yal-

This is well defined since we have |&|(ds0,df)| = 1 for § € Py(Q) by the product formula
for the norm, so that
Da(75,5_1pooa, ay) = da(agolpooaw 5;17;1)_1 ) |Oé((1) : ya|
= ‘O‘K(Soo’éf)’_l ) ‘O“(a)_l ) doe(poo")’fl)_l “Ja(a)] - [yal = Da(v, Pocs y)-
In the same way we consider the function
Do Xpy(Kp) = GQ\(XpyxG(Ap)/Ky) —Ry  defined by

Do((V:50:¥):95) = da((Poos 77 '95) ™"+ lyal-

13
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Gluing together

1.29. THE NEIGHBORHOODS U7 ; AND Vy ;. Let C1 be a constant as in theorem 1.16 and
Cy > (1 be an associated constant as in theorem 1.17. We define Uy ; C Xy, j by:

Uy = {ze Xy | Da(z) < Crlforacl, Dylz)<Cy!forac A-T}
For I C J we denote by V; ; C Xy j the image of U ; under the projection Xy ; — X7 ;.
We recall from 1.23:

X = U {z € X0l supp(z) = Jo}
JoCA
The relation C; ' > C; ' implies Ur; C Uy for I € K C L C J. Together with the
canonical inclusion Uy j C Uk g, this gives Ur j C Uk 1, and induces a map:

K,L
(I)I,:I : V[,J—>VK7L.

LEMMA 1.30. The maps @f:]L are injective.

Proof: Let (IDf(:]L(xl) = <I>§("]L(:L'2) where z1,29 € Vr ;. Write z; = @éj(i’z) where 7; =

. K,L K,L .
(Vi> pis i) € Ur,g. Since @y 5" (v1,p1,y1) = Py 7' (v2, p2, y2) there exists § € Px(Q), a € Ap
satisfying 79 = 71 - 6%, pa = dpi1a, y2 = a - y;. Since the a-components of y; equal
+1 for « € J we get a(a) = 1 for a € J, i.e. a € Ay. There exists ay € Ay such

that yo := ag - y1 has components —1,0,+1 and such that d,(p; - az, (’yl);l) > (Cy and
do(p2-a™t - az, (72)]71) > ( for all a with (y1)a = 0 = (y2)a. Then we have x; = @é:j(:n;)
where 24 = (v1,p1 - a2,90) =t (v1,p1,%0) and @5 = (y2,p2 - a~" - az,40) = (72,5 o)-
We have (ph, (’}/2);1) =4-g for g = (p}, ('yl);l) and dq(g),da(6g) > Co for a € A — 1,
da(g),da(dg) > C1 for a € I. By theorem 1.17 we get 6 € Pr(Q). This means x; = 3 in
X[y]. ]

LEMMA 1.31. V;; contains {x € X j|supp(z) = J}.

Proof: If = (v,p,y) € X has support J we can find by theorem 1.16 some 6 € P;(Q)
such that do(6-g) > C for all a € J where g = (p, (v7)™"). Then 2’ = (v, 0p,y) € Xy ;
lies in Uy ; and has x as its image in X ; ; (observe D, (z') = 0 for a ¢ J and |y, | =1 for
aclJ). O

LEMMA 1.32. The composite map Vi j AR X1, L X s injective.

Proof: The support of each x € V; ; contains J. Consider the following commutative
diagram for J C L:

{z € Vi rlsupp(x) = L} —— {x € Vp Llsupp(x) = L} = {z € Xy 1|supp(z) = L}

[ [

{z € Viylsupp(z) = L} —— {z € Xy lsupp(z) = L} = {x € X|supp(z) = L}

14
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This implies the injectivity. O

From now on we may and will identify V; ; with its image in X.

LEMMA 1.33.

VLJ ﬂVK,L = V[mK’]UL forlCcJ, KCL

Proof: The inclusion D being trivial we assume x € Vyj N Vg 1, i.e. there are 1 =
(y1,p1,91) € Ury C Xy and x3 = (72,p2,y2) € Uk, C Xy having the same image
x € X.If S = supp(x1) = supp(x2) denotes the support of z, then by example 1.11 above
x1 and z3 become equal in Xg g, i.e. there exist § € Pg(Q) and a € Ag such that

(10) Y=m-8" pp=0-pi-a, yp=a-y.

We may assume that (y1)o = (y2)a = 1 for a € S. Since J,L C S we have Ag C Ay
and may assume replacing x1 by (v1,p1 - a,a - y1) that we have a = 1 in (10). We put
g = (p1, (’yl);l). After modifying p; and ps by an element of Ag from the right we may
assume dqo(g) > C2, da(dg) > Co for a ¢ S. Then the assumption on z; and x2 may be
restated:

do(lg) > C1 foracl do(g) > Cy foracA-1I
do(6g) > Cp forae K do(6g) > Co foraecA-K.

This implies § € Px(Q), 6! € P;(Q) by theorem 1.17 a nd therefore § € P;(Q)NPk(Q) =
Pk (Q). So we may assume x1 = x9 € Ur jNUK, 1, = Uink,jur, and the claim is proven. [

1.34. CONTINUATION OF EXAMPLE 1.11 For X = lim X7 ; we denote by ®; ;: X7 ;5 — X

the canonical map. For a subset Uy, j, C X7,.5, we may compute the sets

Z/{IO,OJ = ((I)I,J)il (q)foJo (ufo,Jo)) - XLJ
in the following way: We put
0 @ for (I’ J) 7& (107 J0)7
Uy =
uIO,Jo for (I, J) = (I(),JQ),
and then inductively for 5 > 0:
) -1 .
2j+1 K,L 2
u],]J = U ((I)I,J ) (uK],L)
ICKCLCJ
2j+2 I,J 2j+1
up? = e ().
KclI,JCL
Then we get:
ux, = | ul
20

Recall from 1.8 the description of the topology on X, if X  is a functor to the category
of topological spaces.

15
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LeEMMA 1.35. If the maps <I>§<:]L are all open then the maps ®; j are open too.

We have to show that all Uffj, C X,y are open if Uy, 7, C X7,,J, is open. But by induction

all Z/{} 7 are open for all j > 0 and so is their union Ursy. O

Now we associate to X ; the quotient topology with respect to the actions of Pr(Q), Zs
and Ay where Pr(Q) C G(Q) carries the discrete topology and the other two factors the
usual topology. Then it is obvious that the maps CID?L’]L are open.

We conclude from lemma 1.31 that the V; ; form an open cover of X and that already the
Vi1 form an open cover.

LEMMA 1.36. For & € Uy ; and 3 € J there exists a constant Co = Cy(I,3,z) > 0
depending continuously on & such that Dg(6x) > Cy for all 6 € P;(Q) with 0T € Uy ;.

Proof: Let Z be represented by (7v,ps,¥). Put g = (poo,%?l) € P(R) x G(Ay). After
modifying the representative we may assume that y, € {—1,0,+1} for all & € A, especially
|ya| =1 for a € J, and that dn(g) > C for « € A — J. We have to prove:

ds(dg) < Cyt for all 6 € P;(Q) with 6% € Uy, .

Let § € P;(Q) with 0z € Uy ;. We may assume dq(dg) > C5 for all &« € A—J by modifying
Poo Once more without changing d(dg) and do(g) for a € J: if |yo| = 1 then the condition
D, (0z) < C{l is equivalent to d,(dg) > Co, while for y, = 0 we can modify p by
multiplication with a suitable element of Az, which does not change the other values of
distance functions.

For B € J there exists a character x;_(g8 € X*(PJ,W}) ® Q whose restriction to
X*(S7-1p) coincides with the restriction of 3. In X*(Sp) ® Q we have a relation of the
type

XJ—{p}.8 — 6+ Z CJ B O with ¢y € Q.
acJ—{B}

Assume dg(dg) > Co. This implies § € P;_;3,(Q) by theorem 1.17 and furthermore:

dXJ_{ﬁm (9) = dXJ_w}ﬁ (09) which can be rewritten

da(bg)\ "0
i) = - T (52

acJ—{p}
< OO (g [T dalg)ree = G
acJ—{B}
Thus we have proved dg(dg) < max(Cs,C3). If we put Cp := (max(Cy, C3)) ™! we get the
claim. 0

ProrosiTION 1.37. The space X is Hausdorff.

Proof: Let us assume that £ € Uy maps to x € V; 1 and y € U;; maps to y € V; s, that
x #y, supp(x) = I, supp(y) = J. If I = J then we can use the fact that V;; C Xy is
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Hausdorff, so let us assume that I # J, without loss of generality o ¢ I, « € J for some
a € A. For € > 0 define U(y) to be the (topological) interior of the set

{z €V ’ DXJ_{Q}’Q(,%) > ¢ for all Z € U; ; mapping to z} )

Let Ui(y) be an open neighborhood of y lying relatively compact in some neighbor-
hood Usa(y). Let g9 > 0 be half the maximum of the set of numbers Cy(J, o, 3o) -
[ses—{ay Co(J, B,50)*"# where go ranges over Uy (7). Then Uy(f) maps into U, (y)
via the projection map: Let yo = p(gp) be in the image of Ui(7). We have to prove
iji{a}ﬁa(égjo) > ¢ for all 6 € Py(Q) such that 03y € Uy ;. But this may be deduced from

lemma 1.36.

Next we define U; ;(Cy) and Vr ;(C2) to be the sets obtained by replacing Cy by Ca > Cy
in the definitions of U7 ; and Vr ;. We have = € VL](C'Q) for all such Cy since supp(x) =1
and since V[’](CN'Q) is an open neighborhood of x. We claim that VL[(C’Q) NU,(y) = 0 if
C, is sufficiently large:

Let z € VI,[(CQ)QU‘EO (y) C V[J(C'Q)ﬂVJJ(CQ) = VIQJJUJ(CQ, 02)7 the latter being defined
as the image under projection of

Dy(x) < Cyl fora e TN J,
Do(x) < Cytfora € T —(INJ),
Do(z) < Cylforac A—T

Urng1u(Ca, Ca) = x € Xp 107

We have a commutative diagram

Ur g «—— Uingug —— Ugg

! l l

Vig «—— Vinjwg —— Vg

If 2z € V[’[(GQ) N U, (y) is the image of some Z € Z/{mJJUJ(CQ,C'g) then we have

D, Z) > ¢ by the definition of U, (y). On the other side
XJ—{a},a 0
iji{a}’a (g) = Da(g) . H Dﬂ(g)cjf{a},a,ﬁ < 6«2—1 . 01_2,8 ¢j—{a},a,8
peJ—{a}

and this is < &g if Cy is sufficiently large. This contradiction proves V(Co) Uz, (y) = 0. O

PROPOSITION 1.38. The action of G(Q)/¢ on X x G(Ay)/Ky is properly discontinuous.

Proof: In view of Proposition 1.37 this reduces to the same statement for the action of
G(Q)/¢ on spaces of the form V1 x G(Ay)/Ky, where the property is well known. O

PROPOSITION 1.39. The space G(Q)\X x G(Ay)/Ky is compact. It is a differentiable
manifold, if Ky satisfies (Assk, ).

Proof: The Hausdorff property of the quotient is a consequence of 1.37 and 1.38. To prove
compactness it is thus sufficient to prove that the image of each Vy; x G(Ay)/Ky under
the quotient map is relatively compact for every I C A. This may be deduced from
ordinary reduction theory, resp. the properties of Siegel sets. The manifold property is a
consequence of lemma 1.27. ]
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1.40. We recall the sign map sign : X — %2, where ¥ = {—1,0,1}. We denote by Xpg

the inverse image of {0,1}* in X under the sign map and by Xop 2 G(R)/Kw - Zo the

inverse image of {1}A under the sign map. Similarly we introduce the spaces: Xpg(Ky) =

G(Q\Xps x G(Ay)/Ky and X (Ky) = G(Q)\Xsp x G(Ay)/ K.

PROPOSITION 1.41. (a) The space Xpg is homeomorphic to the quotient space X/S*
under the canonical map Xpg — X — X/S2.

(b) The space Xps(Ky) is homeomorphic to the quotient space X (K;)/S? for every
open compact subgroup Ky C G(Ay).

c¢) The space Xpg(K ) is the compactification of Xg,(K¢) in the sense of Borel and
f p\ A f
Serre [BS].

Proof: (a) and (b) are clear. Since we do not use the original construction of Borel and
Serre in this paper we leave the proof of (c¢) as an exercise to the interested reader. O

2. Sets of fixed points of Hecke correspondences

Normalizations of outer automorphisms

In the following technical subsection we introduce the quantities g,, and p,, attached to an
automorphism of finite order 1 and derive some properties of them. The reader may skip
these considerations, since we have g, = 1 and p, = 1 in several applications.

2.1. n AND 71. Let n : G — G be an automorphism of GG, which is defined over Q and
which is of finite order n. Since Z, is by its definition an invariant subgroup, we have

NZx) = Zw.

Since all pairs (P, S), where P is a minimal Q-parabolic and S is a maximal Q-split torus
lying in P, are conjugate by elements of G(Q) there exists g, € G(Q) such that

n(Po) = gy -Po-g,’ n(So) = gy S0-g,"
We may thus define the automorphism
m:G—G, x—g, " nx)- g,

Since n1(Py) = Pp and 11(Sp) = Sp there must be a permutation of A, which we denote
also by 7, such that:

aont = nla) forae A, a: Sy — G, and thus
m(Sy) = {m@s)|a(s)=1 foralla € J}°
= {s\a(nfl(s)) =1 forall a € J}O
= S, and therefore
m(Pr) = Py, m(My) = My ie.
n(Pr) = gnPn(J)ggl’ n(My) = gnMn(J)ggl‘

2.2. ny. The finite group {1, Ny ,77”_1} has a common fixed point when acting (as group
of isometries!) on the connected (!) symmetric space (of negative sectional curvature!) of
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maximal compact subgroups of G(R) (compare [BGS, lemmma 6.3.]). Since all maximal
compact subgroups of G(R) are conjugate by elements of Py(R) there exists b € Py(R)
such that

nb-K™-b1) = b-KT.p! or equivalently
n(K™) = )b K™ b 1nb). Write

(11) gy on®) b = py-ky  withp, € By(R), ky € Ku.
Then m (K7) = ano”gp;1 and n(KZ) = gnanO”gpglggl. Define

m:GR) = GR), z — plm(@p, = g, n(@)gpy.
We have no(K2) = K7 and assume that (the assumption is automatically satisfied if K
is an invariant subgroup of K, e.g. if Ko = (K22)°):
(Assk) n(Ksx) = Koo, ie.

N(Ks) = gypnKoopy gy

Since np(K™) = K™ the algebraic involution 72 0 g o ;' : G(R) — G(R) fixes K7
pointwise. By [BS, 1.6] it has to be the Cartan involution 6y:

neoby = BGyons.
Since p,, € Py(R) we have
(12) n(P[R)) = R(R).
Therefore 1z (Mo(R)) = n2(FPo(R) N O(Fo(R))) = n2(Fo(R)) N m2(fo(Fo(R ))) Po(R) N
Oo(n2(Py(R))) = Mp(R). Since n1(Mp(R)) = My(R) we get pnlMo( )pn = Mo(R). If we

write p, = my, - uy with my, € Mo(R), u, € Up(R) we get u, M()(]R)u77 = My(R) which
implies u, = 1 by lemma 1.3. Therefore

(13) pyp € My(R).
From this relation we conclude
n(Pr(R)) = PynR)
m(MiR)) = M, (R)
m(KL) = KIOD.

2.3. NoRM MAPS. The (naive) norm map N =N : G — G is defined by

N = 7""Yg) 7" 29)--..-nlg) g

There are analogous maps N1, N5 : G — G defined by:

Nilg) = a7 Hg)-nf2(9) - -milg) - g.
The norm maps satisfy the following rules (i = 0, 1,2; we put No =N, ng = n):
(14) Ni(ni(z)-g-a7") = ni'(x)-Ni(g) -2
(15) Nilmi(x) ™t z-g) = ()" Ni(wgz™) -
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and we remark

(16) z = n"x) = 0" Nggpym(x)p, g, ")
= 0" ggpn) - 0" (ggpy) -1 25 (@) 0" (ggpn) 0" (gnpy) T
= ... = Nlgnpy) - 15 (x) - N(ggpy)™"  and

A7) mWN(gpy) = by 9y 1N (gypn))gnpn

= pvilg{lﬁ"(gnpn)/\/(gnpn) = N(ann)
Using (12) the equation (16) implies Py(R) = N (g,py)-Po(R)-N (g,py) ', and we conclude:

N(gnpn) € Po(R).
On the other side we reformulate (11):
gnPn = n(b)~t-b- k;l. This implies
N(ggpy) = b7 Nk 071 b
= (07" bk, o) - (07 2 (ks T D) L (b (bR o)D) - Ky
= Na(k, '),

where A3 is the norm map associated to the automorphism 73 : G — G, g — b~ tn(bgb~1)b.

Since 13(9) = (n(b)~"-0)~"-n(g) - (n(0) 71 -b) = Kyt (gnwy) ' -1(9) - gypnkin = kit m2(g) - Ky
we have 73(Ks) = k:;l - Koo - ky = Ko and therefore N(g,p,) € K. This implies part
(a) of the following:

LEMMA 2.4. (a) N(gypy) € K% = Po(R) N Koo = Mp(R) N Koo
(b) N(gypng) = N(gnpy) - Na(g) for g € G(R).
(c) N(gyg) = N(gy) - Ni(g) for g € G(R).

The proof of (b) is by induction on n (this may be done if we ignore the assumption that
n"™ = id for the original n): Let N’ NJ be the norm maps with respect to the index n — 1.
Then

N(gypyg) = Unil(gnpng) -N'(gnpng) = nnil(gnpn) '77”71(9) ‘Nl(gnpn) - Na(g)

= 1" (ggpn) - N (gnpn) - 05~ (9) - N'(gpn) ™" - N (gpn) - N5 (9)
= N(gnpy) - Na(9)-

The proof of (c) is completely analogous. O

2.5. We remark that N (g,v) € Pr(Q) if v € Pr(Q) and n(I) = I. This is a consequence
of N(gyy) = N(gy)N1(7): We have N(gy) € Fo(Q) C P1(Q) since Py(Q) = n"(H(Q)) =

N(gn) - n(Po(Q)) - N (gy) "t = N(gy) - Po(Q) - N (gy)~* and N1 (v) € Pr(Q), since my (Pr) =

Correspondences and fixed point sets

In this section we will define an action of  on the space X(Ky) and will define a Hecke
correspondence H. In the rest of this and the next section we will compute the set of fixed
points F'(H) of this correspondence: F'(H) will be the disjoint union of sets F(H) g,
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which are like locally symmetric spaces. The reader may read the summary 2.24 for more
details.

2.6. THE ACTION OF 77 ON X7 ;. Let n act on the family of spaces X7 ; as follows:

n: Xrg — n(1)m(J)s
(v,p,y) = (V) - gy m(p) - Pyyn(y))

where v € G(Q), p € P;(R), y € Y. If we interpret y = (Yo)aca as a map A — R, then
n(y) is defined to be the map yon~! : A — R. This means 7(y) = (Yn-1(a))aca- The
action 7 is well defined on the quotient X; ;: If 6 € Pr(Q), k € KL, a € Aj then

[o o}

1(78,6 ' pka,a(ya)aca) = (n(v8)gy, m(6) " m(p)m (k)mi(a) - py,n((a(a) - Ya)aca))
= (M ggm (), m @)~ - m@)pyma2(k) - m(a), (0 (a)(@) - Yp-1(a))aca)
( (7)9777771( )pm(yn Ha ))aEA)) = 77(771)7 (ya)aeA)'

Here we used n~!(a)(a) = a(n(a)), which is an immediate consequence of the defining
equation a on;' = n(a). Observe that p, € My(R) centralizes A, for all J, so that

m(a) = n2(a).
2.7. THE ACTION OF 1 ON X (Ky). For Ky open compact we have the following map
induced by 7:
n: Xrg(Kyp) = Xy (n(Ky))
((vpy)sgr) = ((()gnm(p) - Py 1Y), nlgr))-

This induces a map 7 : X(Ky) — X(n(Ky)) in the obvious way. We may rewrite this map
using the identification

X1.(Ks) = Pr(Q\ ((Pr(R)/KL Zoo x4, Y1) x G(Af)/KF)
in the following form:

" 1 : (p|,|y,gf) = (m(p) -y g, - n(gy))
18
(Lp,y,g7) = (1) gnm(®) - pyyn(y),mgy))

2.8. THE HECKE CORRESPONDENCE. Now we take some s € S2, some hoo € KTNMp(R)
and some hy € G(Ay). We consider the map

H = H(5.0) = (hoor 5.0, hy) o1
X(Kp)—  X(n(Ky)) — X(hy'n(Kp)hy)
induced by the maps
Xr0(Kf) = Xoynya )(U(Kf)) — Xy (5 (K p)hy)
(9. 97) = ((0)pn, 0(Y), 9y '0(gy)) = ((R)py - hoosn(y) - 5., 97 (g g)hy)
We put Ky = Ky N~ (thfh D). Then H maps:
M X(KD) = X7 n(Khy 0 Kp) = X (07 n(K5)hp) — X (Ko).
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We will also consider the canonical projection induced from the inclusion K } — Ky:
»: X(K}) — X(Ky)
We finally make the assumption

(Asszy) n(Zy) = Zy. This implies 1(¢) = (.

2.9. SET OF FIXED POINTS: SIGN CONDITIONS. We want to describe the set of fixed
points:

F(H) = {oeX(K})|x(z)=H)}.

From sign(H(z)) = sign(n(z)) - sy and sign(s(zx)) = sign(x) we get the following neces-
sary condition for x € F(H):
( 1

(19) sign(z) = (sign(x))on " sy which implies for I = supp(z) :
n) = 1 and
# (J' n{a,n(a),...n" Y(a)}) iseven for all a € I.

Conversely if the last two conditions are satisfied for some I C A one can construct an x
such that supp(z) = I and sign(x) satisfies (19). The conditions imply specially:

supp(x)"nJ = .

2.10. SET OF FIXED POINTS: CONDITIONS. Now let I = supp(x), x € F(H). By the
description of E;y C X this means, if we write x = (p,y,gy) with p € P(R) and y =
sign(x):

(m(P)pyhos, 1(W)ssrs gy nlgp)hs)  ~  (0,y,97)
i.e. there exist v € P;(Q), koo € KL, 200 € Zoo,a € Ay, ks € K; such that:

(1) 9y () gnpphee = APk 2 a”!
(2) ny)sy = aly
(3) gy nlgphy = vgrkyt.

The condition (2) is equivalent to sign(n(z)) - sy = sign(x), since we have a -y = y for
supp(y) = I and a € Ar. As before this implies (1) = I. We rewrite (1) and (3) as follows:

(17) 77(10)71(9777)17 = gnpnhooazookoo

(3) n(gr) Nanar = hyky.

The equation (1’) implies by taking norms:

(1/\/) pil ’ N(gn’)/) P = N(gnpn) : N2<hoo A 2ot koo)

The map 79 takes Ay, Zo, and K, C{O to themselves, and h, normalizes K gOZOOAI. Therefore
we have the following necessary condition, if we take lemma 2.4(a) into account:

(20) p_l ' N(gnf}/) °p € NQ(hoo) : KC{QZOOAI

2.11. CONVERSE CONDITIONS. For some I C A with n(I) = I and some fixed v € P;(Q)
let us assume conversely that N (g,y) is conjugate in Pr(R) to an element of Na(hoo) -
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Kl 7, A, ie. that (20) is satisfied with some p; € P;(R) instead of p. We consider the
map

oo * Pr(R) — Pr(R),
P = 'm@)py - hoo =79y (D) gnPyhoo =7y 12(P) - hoo-
It is easy to calculate the n-th power of 7, 5 (compare 2.4(b)):
(21) (ﬁ'y,hoo)n (p) = N(gn'Y)_l -n"(p) 'N(gnpnhw)
= N(gn’)/)_l P N(gnpn) - Na(hoo).

For k € KI ZoAr we get iy p.. (Pk) = iy no (D) - bt - m2(k) - hoo with holna(k) - heo €
KL Z.Aj. Therefore i, ., induces a map from P;(R)/KL Z.oAs to itself, which will be
denoted by the same symbol. Let

Flgp,y) = {p€P(R)| (flyn)"(p) €p- KL ZoAr}.

Then this set is invariant under right translations by elements of K. Z, A; and the quo-
tient space

Flgn,v) = Flgy)/KLZxAr

is the space of invariants of the n-th power map (7, 5., )" acting on Pr(R)/KL ZooA;.

The map 7}, ., leaves F(gy,7) and F(g,,~) invariant.

By (21) we may describe F(g,,7) as the set of p € Pr(R) satisfying p~'N(g,7)p €
N (gnpn) - Na(hoo) - KL Zoo Ar. But since N(g,p,) € KL and since Na(hoo) € (K2)NMo(R)
normalizes K. Z., A; this condition may be rewritten in the following form:

Flgyy) = {p€PiR)|p"N(gyy)p € Na(hoo) - K& Zoo Ar}

By assumption we have F(gyp,7) # 0.

2.12. Now fix some p; € F(gy,7), i.e. pfl N (gny)-p1 = Na(hoo) - k1 with ky € KL ZAf.

We want to describe the set of connected components of F'(g,, 7). Let K m— K mNPr(R)

and let p be a complement to Lie(KL Z.,Ar) in Lie(Pr(R)) which is invariant under the
oo

adjoint action of KX Z.oA;.

LEMMA 2.13. Each p € F(gy,7) has a unique representation

(22) p = p-exp(n)-k where k € KL Z A;  and 7 € pAdNa(heo)kr)

Conversely each p € Pr(R) of the form (22) lies in F(g,,~). Here pA4N2(he)k1) denotes

the set of elements in p fixed by the adjoint action ofpl_lN(gn’y)m = Na(hoo)k1-

Proof: Recall that pl_1 - p has a unique Iwasawa decomposition

pitop = exp(nm)-k where 7 € p and k € KL™Z  A;,
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and we have to prove w € pAd(N2(h°°)k1) for p € F(gy,v). We calculate:
- Ngn)-p =k exp(m) ™oy N (gy7)p1 exp(m)k
~Hexp(m) TN (hoo )1 exp(m)k
= xplr) exp (AN ) Vol B
= eXp(Ad(k D)t exp(Ad(k™ Na(hoo) k1)) - k™ No(hoo )1 .
Now for p € F(gy,~) there exists ko € KL ZoAs such that

(23) P Ngy)p = Na(heo) - ko
The combination of the last two equations can be rewritten in the form
exp (Ad(k™ ") Ad(Na(hoo) k1)) - k™ Na(hoo)kik = exp(Ad(k™1)7) - Na(hoo )2
and by the uniqueness of the Iwasawa decomposition this is equivalent to the system of
equations
Ad(Na(hoo)k1)T = 7 and
(24) ENo(hoo)kik = Na(hoo)kz,

so that m € pAd(NQ(hOO)kl).

Conversely if p is of the form (22) we may define ko by the equation (24). But then ks
lies automatically in KioZooA 1 because k1 does so and K go is a normal subgroup in Kiom
with abelian quotient, so that

k7 N (hoo) KL Zoo Atk = No(hoo) KL Zo o Af.

Reversing the above calculation then gives the equation (23), so that each p of the form
(22) belongs to F(gy, 7).

2.14. DESCRIPTION OF F(g,,7). From K™ N ZyAr = {1} we get an isomorphism of
cosets K" ZooAr) KL Z oo Ap ~ KL /KL . Now the preceding lemma implies that we get
a bijection
Flgpy) = ptelb) s (iKhm /KT )

pr-exp(n)-k  «— (mk mod K.)
Since the Iwasawa decomposition induces a homeomorphism this is a homeomorphism too.
Thus we can read off immediately the description of the set of connected components of
F(gy,7) by the following isomorphism:
(25) P KL/KL = mo(Flgn)

classof K —  class of p1k

2.15. FIXED POINTS OF 1}y 4, . Next we assume that 7, has a fixed point if acting

on the finite set mg (F(gn, 7)) of connected components. Then 7, 5, induces an isometric

automorphism of finite order of this connected component, which is a Riemannian manifold
of negative curvature (i.e. the sectional curvature is < 0). By [Hel, I, thm. 13.5] or [BGS,
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6.3.] it has a fixed point on this connected component. We may already assume that p; is
this fixed point:

(26) v_lg,;ln(pl)gnpnhoo = p1-ko with kg € LCI)O = KiOZOOAI.
The map Py satisfies Py o 72 = 1)y 5., © P1 since we have
oo P1E) = Tiyhoe (01) - o - m2(k) - hoo = prkohog ma(k)heo

and since k +— kohgolkhoo induces the identity on Kgom /KC{O Therefore P; induces an
isomorphism

N ~ Ty, hoo
(KL /KL)™ = mo (Flgpm) ™"

2.16. THE CENTRALIZERS Gém' For v € P;(Q) we define the automorphism
ny: G =G, e (g (@) gy =77 m(@)
and the algebraic subgroup Gim = (Pr)™ of n,-invariants, i.e.
GLa(8) = {zePi(S)n(x)=a} = {zePi(S)n@) " gy = =gy}
for a Q-algebra S. For I = A we will drop the index I, i.e. G, = G

We introduce the notations

Lt = KLz, A, Ltm = KLmz A
L = p-LL pt, L™ = p-LY™prt,
Ly, = LnN G%W(R)7 Lfyl,n = L™nN G%U(R)-

We have for [ € L™ i.e. for pr -l -pfl e L:

m(pr-loprh) = gy me)nn(py) " gny
v gy n(p1) gnpym2 (D) (gqpn) " 0(p1) " 9ny
= p1-kohgdm(Dheoky " -1t

Therefore 7,(L™) = L™ and from ny(LL) = L., by (Assk) we conclude n,(L) = L.
Furthermore the conjugation with p; intertwines the ns-action on Kggm /KL with the
ny-action on L™ /L, since conjugation by kohz! acts as identity on L™ /L.

2.17. THE COSET SPACE R,IM. We introduce the coset space
I . ~ ~\ v
Rl = D\ (L")
and denote by

o) _ I
On (I7 s h’OO) - #R%r]

its cardinality. Finally we choose and fix a representative k, € L™ of each coset r € Rém.
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LEMMA 2.18. The maps

~\ v
61 (GL,(R)/Ly) x RY, — (Pi(R)/L)
(x mod L., class ofk.) + x-k, mod L

and

JE— ~ /)7 ~ ~ N LOO
®2 <PI(R)/L> TS F(gn,fy)n%hoo = (PI(]R)/L&))”W
zk, mod L +—  xzk,p mod Lio

are isomorphisms.

Proof: First observe that ¢ is well defined since each k, normalizes L. Then observe that
¢y : Pr(R)/L = Pp(R)/LL
z modL +— xp; mod Lgo
is an isomorphism and that the diagram

Pr(R)/L T Pr(R)/LL,

l’r]"/ J{ﬁ’y,hoo

Pr(R)/L —— Pr(R)/L%,

P2

commutes by a formal computation:

d2(ny(2)) = gy (@) gy m
Tyhoo (G2(2)) = A7 gyt m(@) - n(p1) - gy - P hoo
= v g on(@) gy v ko
= ¢2(ny(x)) - ko,

where kg is defined in (26). Therefore ¢o is an isomorphism.

Next we prove that ¢ is injective: If 21k = zoky -k with k € L and z1, 29 € Gy y(R) then

wy 'y = kekkgt, but @3 'wy € Gy y(R), kekky' € L™. Therefore kykk;' € LT, so that

kq and ky = (kpkk, 1) - kg - k1 lie in the same coset in R{m. Since each coset has a unique

representative we get kq = kp. But then kykk, 1 ¢ L since k, normalizes L. This implies
1 mod L = x9 mod L.

To prove that ¢, is surjective we reduce to the claim that the canonical map

biGlLm®) — Gy, — (Pw)y/Lm)"

is surjective: If p € Pr(R) with n,(pL) = pL is given then pL™ € (P[(R)/f/m)m and by

assumption on ¢, there exists z € G{W(R) with p = zk, k € L. Then zkL = pL =
- - - - - - =\

ny(p)L = ny(x)ny (k)L = x - n,(k)L, which implies kL = n(k)L, i.e. kL € (Lm/L) "

Therefore there exists y € LT, ki € L and a € Rém such that £ = y - k, - k1. Then

p = (zy) - ko - k1, so p mod L is in the image of ¢1, since xy € G,IY,,](]R).
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To prove surjectivity of b1 it is enough to show the existence of an 7,-invariant subspace
q inside the Lie algebra p; of Pr(R) such that the composite map e : ¢ — P(R) —»
P;(R)/L™ is an n,-equivariant isomorphism. Then (PI(]R) / I~/”>T77 = e(q™) C e(p}) =
e(Lz’e(G{W(R))) and the claim follows.

We denote by m; the Lie algebra of the derived group of py M I(R)pl_l. The Killing form
is a non degenerate form on my. We take q to be the sum of the following subspaces of p;:

— the orthogonal complement ¢; of Lie(legopfl) N my inside mp;
— the Lie algebra uy of the unipotent radical Ur(R) of Pr(R);
— some 7), invariant complement ¢y of Lie(Zx) + (Lie(legopfl) N LieZg(R)) inside

Lie (Zg(R)).
We observe that py My(R)py* is 7,-invariant: For m € M(R) we have
my(pmpr ) = v gy n(p)ggm(m)gy n(p1) " gy
= prkoho)py m(m) - pphocky 'py ! by (26).

Now ni(m) € Myp(R) = Mi(R), p, € Mo(R) C Mi(R), hoo,ko € LE" C M(R)
and therefore nw(mmpl_l) = plmlpl_l with m; € Mj(R). For k € K. we conclude
ny(plkpl_l) = plkohgolng(k)hookalpl_l € legopl_l, since ko and hs normalize K. . This
implies that ¢y is 7,-invariant.

Since 71, acts as 1 on the center Zg(R) it acts as an automorphism of finite order on
Lie(Zc(R)). Therefore ¢y exists.

Now observe that py is the direct sum of my, of u; and of the Lie algebra of the center of
p1M;(R)p; !, which itself is the direct sum of Lie (Zg(R)) and Lie (plAIpl_l). This implies
that q is an 7n,-invariant complement to Lie(I:g”O) in p;. We get the surjectivity of e by
Iwasawa decomposition. This finishes the proof of lemma 2.18. O

~ Ty, hoo
2.19. A FIRST SUMMARY. We take Ri,n to be the empty set if g (F(gn, 7)) 7" is empty.
We may summarize: Let v € Pr(Q) be given. If the set

P = (P(R)/LL)™h=
= {p mod L, € Pr(R)/LL, | n(p)""(957)p € gnpnhoo - LL}

is not empty, then NV(g,y) is conjugate inside P;(R) to an element of N3 (heo)- KL N (Zoo) Af.
If M (gy,y) is conjugate to such an element, then we have an isomorphism:

6 (G, (R)/Lyy) x RL, = (P(R)/LL)"">
(l‘,ka) — xkapl

n:Y
for some p; € P;"".

2.20. By lemma 1.27 the class of v in G(Q)/( is uniquely determined by = = (p, y, g5) and
the equations (1), (2), (3) in 2.10. Now let us take another representative & = (p, ¢, §¢) for
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the class of x, where

P=0-p koolocb™ ', §=by, §r=20gsry
with § € Pr(Q), koo € KL, (oo € Zoo, b€ Ay, kf € Ky. Then the relation

(m.(B) - Pohoos n(@)s s, 97 " n(Gp)hy)  ~ (5.7, 3r)

is due to elements 7, l%oo, Zs0, @, l%f. Here we can take

o= m@)y koo = hadme(ksd)heo - koo Ko,
Zoo = <00'77(€00)‘2007 a = b'a'772(b)_17
kp = hplnlkg)thy ok oky,

since we have

—

97 B gyprbhos = gy 0(O)M(P)N(KocCocd™ ) gnPyhso
m (5) g77 177(]9 ’ ngWhOO ’ h<;01772(’€oogoob_1)hoo
m(0) - 'ypkoolzoo a b h o (Koo )12 (Coo )2 (D™ Y o

~—

= (MO D (a0oCS b 25 a™ (Koo )12 (Coo )12 (b7 ) o)
= &-;5-1%;01-2—1 a ! and
n@) sk = mbd) -0y sk = mb)-al-y
) -a b7y = at.g. Furthermore:
gy n(@phy = gyt n@mlapn(ephy = m) - gy nlgphys - by n(kp)hy
= m(6) - vgrk; - hyn(kp)hy
=m0y gy wp k(R )by = 5 g kp

The relation 7 = 11(8) - v- 6~ ! is equivalent to

gn:)/ = 77(5) “gn7 - 51

Therefore we have to consider the elements g,y up to n-conjugacy, i.e. the fixed point sets
are indexed by the 7-conjugacy classes of elements in G(Q)/(.

REMARK 2.21. We recall lemma 2.4(c): N'(g,7) = N(gy) - Ni(7). The construction of g,
implies:
N(gy) - Po-N(g)™" = 0" gn) - 1lgn) - gnPogy ™ - 1lgn) ™ 11" gy) ™

= 1" (gy) - n(gn) - n(Po) - nlgy)~" ~-77"‘1(gn)_1

= 0 (1" 2(gn) - 1lgn) - g Pogy ™ - 1gn) ™" 0" P gn) )

= ... = 7" Nghg,") = n"(R) = P,
Using Sp instead of Py we obtain by the same calculation: N (gy,) - So = So - N'(gy), i.e.
N (gy) normalizes Py and Sp. But the normalizer of Sy inside Py is the centralizer of Sp.
This implies N (g,) € My(Q) C M;(Q) C Pr(Q) for all I. Thus if v € P;(Q) and n(I) =1
we get N (gy7) € Pr(Q), since we have 71(Pr(Q)) = Pyp(Q).
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Parametrization of fixed point sets

2.22. Let gyy € G(Q) be a representative of a fixed n-conjugacy class, where v € Pr(Q).
Define as a subset of F(H):

p € Pr(R), y = sign(z) such that there exist
class of

- I /
PR = Yo = (g | 50 € Koo 200 € Zocra € A1, Ky € K
satisfying (1),(2),(3) in (2.10) for this

The condition (1) means that pL., is invariant under 7, .. as an element of P(R)/LZ .
We recall the condition (3’):

n(gr) " gnn)gr €  hpKy.

In this condition we can replace g; by brgskys for ky € K} = Kfﬂn_l(thfhjil) and by €
Gon(Ay). Thus we can arrange with respect to the double cosets in Gy (Ap)\G(Ay)/ K.
Recall that G, = G = {z € G|n(z) " (gy7)x = gyy} denotes the n-centralizer of g,.

Now we fix some representative gy of a double coset in G, ,(Af)\G(Af)/ K satisfying

n(g7) " (g47)gs € hyKy and denote the corresponding set of fixed points F(H)r14.,4;- By
(2.18) we get a surjective map

(G{y,n(R)/L%n) X Rim X (ZA)LJ’ X Gyn(Ar)  —  F(H)1yg,
(pkayy,bp) = (Pkap1,y,brgy)

where

(=™ = {y€X? such that supp(y) = I, n(y) - s, =y}

and p; is the element introduced in (2.12). We remark that (p, k., y,bs) and (p', ky, ¥/, b’f)

have the same image in F'(H); 4, if and only if there exist 0 € Pr(Q), s € KL, (€
Zoo, oo € Ar, 25 € K} such that

(27) pkapr = 8- pkepr - 2g (last
Y = 0O y/
brgr = 0-Upgy- g

Observe that the second equation is equivalent to y = ¥/, since a, € Ay and supp(y) =
supp(y') = 1.

As an equation in the coset space Pr(R)/ L the first equation can be restated as follows:
pkq = 0 - p'ky. Since 1y(L) = L and since we know from (2.18) that pk, and p'k; are
n,-invariant in the coset space we conclude that the following computation is valid in

P;(R)/L:

pka = ny(Pka) = 1y(8) 0y (V'ks) = 1y(8) - P'ky = 1y(6) - 67" - phia.

Similarly we deduce from the third equation, thereby bearing in mind that n(gr)~t gy
gr = hg - ks and n(gpsep) ™' - gyy - gf = hy - kg with ky, kf € Ky so that n,(gf) =
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g7 - k7 'hyt - gyy and ny(ggser) = gpaepky Byt gy
br-mylgy) = mlbrgg) = 150y gy 3p)
= 0y(0) - U - my(gyep) and therefore
bfgfkflhfgn’y = 1ny(9)- b'f -gf%flzzflhfl “nYs ie.
brgr = my(0) Vg -kt kyp = ny(8) -6 brgp - ks

Thus the element 7,(d) - 6! transforms the pair (pkq,bsgys) into itself as an element of
<PI(R)/E> x G(Ay)/Ky. By lemma 1.27 we deduce frow this:

a(d) = n00)-0" €¢ <CZe(Q).
The element § above is only unique up to elements of (. Since we have 177( g) = ( ) fore €
¢, we conclude: ¢1(de) = ¢1(8) -n(e) -e L. Furthermore N(c1(8)) = " (c1(9)) - - - n(e1(6)) -
c1(0) = ny~H(e1(0)) - +my(c(9)) - e (d) = 5 (d) - 67F. But we have
w0 = (o) gy 0" )T 0" (E) 0" g ) - (9a7)

N(gyy)~'-6- N(gw)-

This means

(28) N(@@) = Ngm) ™5 Nggn) 5

2.23. Now, if we assume conversely that 7,(5) - =1 € (, it can easily be seen that
(Pkap1,y,b7g5) € F(H)14,q, implies (8 - pkap1,y,d - brks) € F(H)14.4,-

The condition (28) implies that N (c;(8)) lies in the derived group GV of G. But the
intersection G N Z is finite. If we assume that K ¢ and therefore also ¢ are sufficiently
small, the following assumption is fulfilled:

(Ass¢ der) cnGY@Q) = {1}.

The assumption implies N (c1(0)) = 1. If we identify 1-cocycles for the finite cyclic group
(n) with their values at 7, this means that ¢; () represents a class in H'({n), ().

We make the further assumption:

(20) H' ()0 = 1.

This is satisfied for example if n = id or if ¢ = {1}. If (29) is valid we can assume without
loss of generality that 7,(6) = 0. Thus 0 € Gﬁm (Q). The third equation of (27) now implies

wpoo= gp (W) 0T by) - gp € KpNgptGa(Af)gs  Tesp.
grxr9;n € Gag(Ag) NgpKypgrt.

2.24. SUMMARY. Under the assumption H'({n),() = 1 the following map « is an isomor-
phism:

Q X’{ﬂ?(gf) X R'Iy,n X (EA)[’J/ — F(H)L%Qf
((p,bf),kary)  +—  (Pkap1,y,brgy)
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where X2 (g7) = G1 (@) (G4, (R)/ Loy X Gon(87)/(Gorn(Bp) N 97K 7))

If the group H'({n), ) is not trivial, it is still finite and the map « is still surjective. By
the considerations above « is a finite covering, and the degree dé . of the covering is

dl = #{zeH'(),0)|z=n,(6) 0" with § € P(Q)}.

The set of fixed points F'(H) is stratified by the strata F'(H) for those I C A which satisfy
n(I) = I. Each F(H); is a union of F(H)r~ over those n-conjugacy classes of elements
in G(Q)/¢, for which N(g,y) is conjugate in Pr(R) to an element of N2 (hoo) - KL Zoo Af.

Each F(H); itself is the union of F(H)s 4., where gy Tuns over a set of representatives
for those double cosets in G »(Af)\G(Ay)/ K, which satisfy n(gr) " gy)gr € hyKy.

3. The Lefschetz fixed point formula

A general fixed point formula for manifolds

3.1. Consider a pair of differentiable maps f,g : X — Y between compact oriented
differentiable manifolds X and Y,such that ¢ is locally a diffeomorphism. Let a local
system M on Y be given and also a morphism

o: f*M  —g'M.
Denote by I'y, I'y C X X Y the graphs, and consider the decomposition
TfNTy =~ F(f,g) :={x € X|f(x) = g(x)} = | F
JjeJ
of the set of fixed points F'(f,g) into connected components. We assume that the inter-
section of I'y and I'y is transversal in the following sense:

— each Fj is a differentiable submanifold of X and
— for each x € F} we have the following relation between the tangent spaces in the

point (z,y) € X X Y:

T(x,y)l“f N T(W)Fg = T(Ly) (Ff N Fg> .
The global trace of the correspondence (f, g, ¢) is defined to be:
tr(g.f*) = Z(—l)itri(g*f*) where
i>0

(g =t (HM) S B M) S HI(X g M) 25 (X, M)
For x € F; we have an identification of the stalks (f*M), =~ (g'M), so that ¢, can be
considered as an endomorphism of (f*M), ~ My, and thus has a trace. Since M is a

local system, this trace is constant on each connected component F} and is denoted by
tr(p|Fj). We denote by

X(Ej) =Y (=1)" - dimg(H'(F}, Q)

120
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the Euler Poincaré characteristic of F};. Let N(F}) denote the normal bundle of F; inside
X, ie. Ny(F;) =T, X/T,Fj for x € F}. By the transversality assumption we have det(id —
f«g*| N2 Fy) # 0 for all z € F; . Since this real number depends continuously on z, we get
a well defined sign

ej = sign(det(id — f.g"|N(F}))) for each j € J.

REMARK 3.2. The transversality assumptions imply that each fixed point component F
has an open neighborhood ¢/; which meets no other fixed point component F},. This implies
that J is a finite set by the compactness of X. Therefore all sums occuring in the following
are finite sums and we have no problems with convergence.

We can state the Lefschetz fixed point formula:

THEOREM 3.3. With the above notations and assumptions we have

tr(gf*) = Y tr(elFy)-x(F)) <
JjeJ
Proof: The fixed point theorem is well known, if the F} are isolated points. If F} is a
manifold of positive dimension, one reduces to this case by considering a vector field {; on
F;, which has isolated and non degenerate zeros {x;}, and extends s §; to a vectorfield &;
with support in an open tubular neighborhood U; of F}, such that {/; meets no other U/,.
If one modifies f =: fy to the homotopic f; = fo o exp(t&;) for a small enough ¢ > 0, one
does not change tr(g.f*), but F(f,g) NU; consists of a set of isolated fixed points {z;}.
Recall that x(Fj) equals the number of z; counted with an appropriate sign, We leave it as
an exercise to the reader that the right hand side of the theorem does not change too. [

The general setting

3.4. THE LOCAL SYSTEMS M. Let M be a (G(Q)/¢) x (n)-module. This gives rise to a
local coefficient system M on X (K ) for each open compact K. We can obtain M as the
quotient M = G(Q)\M x X x G(Ay)/ Ky, where we use the G(Q)-action on M and on X,
together with the canonical projection to X (Ky) = G(Q)\X x G(Ay)/Ky. Furthermore
we consider the following sheaf on X (K):

B 1 B ¢ locally constant; ¢(yx) = yo(x)
M) = {qﬁ.w U) =M for allfyEG'(Q),JJEX><G(Af)/Kf}7

for U € X(Ky) open, where 7 : X xG(Af)/K; — X (Ky) denotes the canonical projection.
If the action of G(Q) on X x G(Af)/Kj is free of fixed points then the sheaf M can be
considered as the sheaf of local sections of the map from the space M to X (K7).

3.5. For J C A we denote the inverse image of {0 1} x {I}A\J inside Xpg(Ky) by
XBS(Kf) and we denote the inclusion maps by i/ : X, (K;) — XBS(Kf) and 77
X{o(Kyf) — Xps(Ky), where the space called Xg,(Kf) in 1.40 is XBS(Kf) in the new
notation.

For a sheaf M as above we denote its restriction to the subspace Xy,(K¢) by Ms,. We
introduce the sheaf i, )M = ’L, ~Ji2I Mg, on Xps(Ky).
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If 7+ X(Kf) —» X(K;)/S® ~ Xps(Ky) denotes the canonical projection, then the
sheaf m.M on Xpg(Ky) is a sheaf with an action of S2. If multiplication by 2 is an
automorphism of M then we may decompose m,M into eigenspaces (eigensubsheaves) of
the reflection group S2.

The sign group S& = {-1, 4—1}A may be identified with its dual group in such a way that
57 € S® may be identified with the character S® 3 (74 )aca — [locsra

LEMMA 3.6. The eigensubsheaf of m,M with respect to the character s; of S* is isomor-
phic to the sheaf i, n M.

It is clear that the restriction of m,M to X, (Ky) is isomorphic to the tensor product of
M, with the group ring Z[S?] such that S? acts on the group ring. The eigensubsheaf of
m.M with respect to the character s is the subsheaf on which the reflection s, act by —1
for @ € J and by +1 for a ¢ J. Then it becomes clear that the eigensubsheaf continues as

direct image for the embedding =7, while it has to be continued by 0 for the embedding
TA—J
i .

O

From the introduction we recall the notation x_; for the character san : (rq)aca —
HaEA Ta.

PROPOSITION 3.7. The Lefschetz number on the cohomology with compact support satifies
tr ((heo x hy) on, Hy (GIQ\G(A)/ Koo Zoo - K, M))
= 2N () - tr (H(sp) HY (X (Kp), M)
SJ/ESA
Proof: We have an isomorphism which is equivariant with respect to the action of (ho, X
hy) omn:
HI (GQ\G(A)/KxZox - Ky, M) = HZ (Xop(Kp), Map)
H* (Xps(Kp), i Msp) .

1

where we used the fact that the cohomology with compact support may be computed as the
cohomology of the sheaf i!AM sp on the Borel-Serre compactification Xpg(K ). Observing
X§S(Kf) = Xps(Ky) so that i,ai Mg, = i!AMsp and the preceding lemma we thus get:
tr ((heo X hy) om, He (G(Q\G(A) /Koo Zoo - Ky, M))
= tr ((hoo X hf)on,H* (XBs(Kf),i*A!Mgp))
= tr((hoo X hy) on, H* (Xps(Ky), (mM)X71))
= 27T ()t (oo X hy) 01 X 0, HY (X s (Ky), M)

SJIESA

where sy only acts on the sheaf m,,M in the last line so that it commutes with the action
of (heo % hy)on. Here we used the fact that the trace of an operator on an S eigenspace
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may be computed as the composition of the operator acting on the whole space with a
projector onto this eigenspace which is 2-#4 . ZSJ,GSA X—1(sy) - sy in our case. Raising
the action to the space X (K¢) now gives

= 2772 3" yi(ss) tr ((heo X by X s50) 0, H* (X (K ), M))

SJ/ESA

where s now acts on the space in the last line. The definition of H(s ;) in 2.8 now implies
the claim. ]

Euler characteristics

3.8. We continue with the considerations of chapter 2. The Euler characteristic with
compact support satisfies:

Xe F(H)ry) = Z Xe (F(H)Imgf)
95 € GL,(Ap)\G(Ay) /K
n(gs) " gyy - g5 € hyKy

#RI ‘C’/
- Y xe (X))

Sl gy as above

where X1, (ar) = G, (@\ (GF,(R)/L,, x GF,(a)/(G],(hy) N 9K ™))  amd
e = #(5) np =# {y € (=11 < {0} (s =y}

Let dgy be a Haar measure on G(Ay) and denote by db = dby - dby a Tamagawa measure
on the group G= GI - Let h denote the characteristic function of h K multiplied with
(volag, (K%))~ 1. From the definition of a quotient measure we get immediately

R ~Cr. g
(30) Xe(F(H),) = T Cn
¢y
/ Xe (X2 .,(g7)) - volap, (G n(Bg) N grK g7 ") - b (n(gp) " (9n7)gs) dbs\dys,
Gy n(Ap)\G(Af)

3.9. THE GAUSS-BONNET FORMULA. We furthermore put Ky = G, (Af) N ng}gfl,
Ko = [7 Now we are in the situation, where G = G[ is a linear algebraic group,
K Kr C G(Af) is open, compact and sufficiently small and the connected component of
Ko C G(R) is the product of some maximal connected and compact subgroup with a
connected subgroup Zs of the R-split center ZR_SP it such that Z+o contains the connected

component of the R-split and Q-anisotropic torus ﬂ ker x N ZR split , where x € X*(Zz)
runs over all Q-rational characters of Z.

We furthermore put K = Ko - K ¥
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We make the assumption:

((AsSconn)) G is a connected group if it is reductive.

D(G) = 0 if G is not reductive or does not have a Cartan,

which is compact modulo the center of G(R),
- #W(G/C, T/C) .. ~ . . = .
D(G = if G is reductive and T'C K - Z5(R) is a
() #New) (T)/T o)

maximal torus, which is compact modulo Z5(R).

If D(é) # 0 then the adjoint group Gaaq has a compact Cartan, and we can denote by G
the inner form of G/R which is compact modulo the center of G. We do not care about
the definition of G if D(G) = 0.

The Haar measure dbs, on G(R) determines uniquely a Haar measure on G(R), which will
be denoted by dbe also. The isomorphism between G'xzC and G xgC determines canonical
isomorphisms over R between the centers Zz of G and Z of G and also between the torus
quotients G//G™) and é/é(l). Each rational character y € X*(G) : G — G/GM) — G,
may thus be viewed as a character from G — é/é(” — Gy, and we may define G to be
the intersection of the kernels of these characters. Using some basis x1,...,xr of X *(@)
the Haar measure dbs, may be written as the product of some Haar measure db/ on GI(R)
and the euclidean measure []!_; d*z; on (R*)", the image of G(R) under (x1,...,X;). Also

we may view ¢ = Za(Q) N K as a subgroup of é/(]R).

We denote by 7(G) the Tamagawa number of G/Q, by

a(G) = dim (GOR)/(L, N GH(R)))

the dimension of the symmetric space associated to the derived group of G. Furthermore
we consider the dimension

A(G Ks) = dim(GR)/Ks)—q(G) = dim <Z§_5””t)—dim2w.

Now we may state the following extension of Harder’s Gauss-Bonnet formula ([Harl]) to
reductive groups:

PROPOSITION 3.10. If G satisfies (AsSconn) then

(G GAY/K) -voly (K = _1)AGEx)+3a(@) | D(G)T(G)~
xe (GOQ\G(A)/K ) - volay, (K ) (=1) volay,_ (G (R)/0)

Proof: This is well known if G is semisimple (compare [Roh, 3.3.]: his statement agrees
with ours in the case that the torus quotient is anisotropic over R. In the case that the
central unit group C~ has positive rank the statement of Rohlfs simply reads 0 = 0, since
his symmetric space is a torus bundle, while our identity may be non trivial due to the
fact that K. contains the connected component of the center of G(R)).
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If the unipotent radical of G is not trivial, then the Euler characteristic of the symmetric
space vanishes, since it is a (topological) torus bundle, and the formula is clear from the

definition of D(G).

If G is a torus, then we have q(G) =0, D(@) =1, G = G and the symmetric space
G(Q)\G(A)/K is a disjoint union over the index set G(Q)\G(A)/G(R)° Ky of affine spaces
of the form (R% )@ K=) The formula is thus equivalent to

# (GIQ\G(A) /R Ky ) - volay, (Ky) - volay, (G'(R)/O) = 7(C),

But if t1,...,t, € G(A) denotes a set of representatives for the double coset space
(é(@)\é(A)/é(R)Of(f>, then we have an isomorphism

UE®) — (Gnéwy/k,)

(goo)i = goo - Ui

The claim for tori is now clear from the definitions of measures.

So it remains to prove the formula for a general connected reductive group G. We reduce
the claim to the semisimple and to the torus case using an exact sequence

1 - GH - G’LC’—>1,

where the derived group G({) is semisimple and C' is a torus. We have q(G) = q(GW),
D(G) = D(GW) and A(G, Ky) = A(C,v(Ky)). The role of K for the torus C will be

played by v(K'). We may replace without loss of generality Z., by the connected component
of Z57P since this operation multiplies both sides of the formula with (—1)A(G:Ke),
Then v induces a surjection to a finite set

GQ\GA)/KE % v(G(A))/v(GQ)r(K).
The fibre over the class of some v(t) € v(G(A)) is obviously the image of the map
a@: GUQ\GVW)/EY  —  G@\GM)/K
€9 — gt
with f(t(l) = G(l)(A) ﬂff(t_l. But ¢ is in general not injective: From g1t = v - gat - k
with g1,92 € C}(l), v € G(Q) and k € K we conclude that v(y ) = v(k)ie v(y) € G =
v(G(Q)) Nv(K), but to modify v to an element in G(V(Q) it would be necessary to have

v(7) € v(¢) (Recall that G(Q) N K = ¢, since K is assumed to be sufficiently small.) In
fact it is easy to see, that €; is a covering with covering group (1 /v((). Therefore

xe (GV@\GD(@8)/ED)
#(G/(0) |

Now we may assume that the Tamagawa measure dc on the torus C' is the quotient of
the Tamagawa measures db on G and of db' on G™). From the semisimple case and the

ve (GQ\GW)/K) = >

tev(G(4) /v(G(Q)v(K)
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definition of a quotient measure we get:
ve (GIQ\G(A)/K ) - volay, (K )
Z Uoldbf (Kf) (—1)%q(é(l)) . D(é(l)) . 7—(@(1))

- — —
enGup @i Py (KiV)s)  wolay, (@ (®)) - #(G/v(Q)

1 = ~ ~
N N . . ~1)299 . D(G) - (GO
= # (VG MG@AR) ) - volue, () - L PETET)
volgp (G (R)) - #(C1/v(C))
In the following commutative diagram the columns are exact and the map p g is surjective:
1 1

v(K)/v(K)Nv(G(Q) — = v(K)/v(K)NC(Q)

v(GA)/(GQ) ——  CA)/CQ)

V(G(A)/v(GQ)VK) ——2 C(A)/C(Qu(K)

1 1.
Using the notion of an index  ind(u) := #coker(u)/# ker(n)  we get

ind(psp) = ind(p) - # ker(ux),
where ker(jux) = (y(f() N 0(@)) / (y(f() N y(é(@))) = (/G with ¢ = C(Q) N v(K).

From the torus case we conclude:
# (V(GA) UG (K) ) - volae, (v(K p))
_ #OW/CQUE) ~(0)
N ind(psp) Lae; V(K p)) ind(psp) - volger (C'(R)/C2)

Now using the Tamagawa number relation ([Sans, 10.4.])

7(GV) . 7(C) = 7(@G) - ind(p)

we may summarize:

xe (GQ\G(A)/K) - volay, (K )

and the claim is implied by the relation

volgy_(G'(R)/{) = volg_ GV (R)) - #(Ga/v(0)) - volge, (C'(R)/Ga)-
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3.11. If we introduce the (n-)twisted orbital integral

Oy(v,h) = / h (0(95) (9y7)95) dbs\dgy
Gl L (ApN\G(Ay)
we can thus rewrite the equation (30):
I . } i . A A
B1) xe(F(H),) = T 0y (aypG ) DGO
A volap,, (G (R) /)

Local analysis

3.12. We recall the map

H (0, y,97) = D)y - hoosn(Y) - 57,9, 0(g7) )

Let 29 = (po, Y0, 9f) be a point in F(H)r., i.e. there exist koo € KL, 200 € Zeo, a €
Ar, k € Ky such that:

(1) 9n (00)gnpyhee = POk zatat
(2) n(yo)sy = a 'y
(3) gy nlgphs = grks "

We want to analyze the effect of H in a neighborhood of xg:

H(ppo,yo +4,95) = (m®)m(po)pyhoe n(yo +y) - 57,9y 1(gg)hy)

-1

= (m@hwo-kdzda ™ ot n(w) sy -gr by

~  (my(p) - posyo+a-n(y) sy, gr)

As in 1.20 we denote by °P; the intersection of the kernels of all x2, where y ranges over
all characters x : Pr — Pr/Zg — Gy,. Then there is a unique decomposition P;(R) =
9P (R) x A;. We can write each p € P(R) in the form

p = p’-poalp)py’  where p° € °Pi(R), a(p) € 4;

(Apply the above decomposition to p, Lypo and observe that Py is a normal subgroup of
Pr.) Now we can write

H (ppo,yo +v.95)  ~ (m(p)o -po,a (1y(p)) ™ - (yo +a-n(y) - s.) ,gf)
We remark
(PI(R)/K;ZOO x RAT % {11}1) JA; =~ OPy(R)/KL Zoo x RAT x {£1}].
Since supp(xo) = I we can assume that yo € {0}*77 x {£1}!. Then our equation reads:

Hpo,yo +v,97) ~  (1y®)° posyo +a-a(n,®)"ny) - s, 9)

We identify the tangent space of X(K}) at zo with Ad(po) Lie(*Pr(R)/ KL Z,) x RAL.
The tangent space of X (Ky) at r(xg) = H(xo) can be identified with the same vector
space, such that the differential of the canonical projection r : X(K}) — X (Kj) becomes
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the identity. Here we use the notation Lie(G/H) = Lie(G)/Lie(H), if H C G is a Lie
subgroup.
Then the differential of the map H in the point xo = (po, Yo, gf), which is the differential
of the map (p,y) — H(ppo,yo +y,9¢) in (p,y) = (1,0) is
— the differential of the map p nv(p)o in the neutral element, considered as an
endomorphism of Ad(pg)Lie(°P;(R)/KL Z.)

times

— the linear map [ : R - RA1 y—aqa- n(y) - sy.

Observe that the differential of the map p — a(n,(p))~! at p = 1 does not come into the
picture, since it has to be multiplied with n(0) = 0 by the product formula.

3.13. The map [[,ca_; @ induces an isomorphism between A; equipped with the automor-
phism 72 and the product (R;O)A_I equipped with the automorphism 7. The logarithm
map logA*I induces an n-equivariant isomorphism (R;O)A*I ~ RAT,

We conclude H! ((na), Ar) =~ H* ((n), (R%,)21) ~ H! ({n),RA~T) = 0, since 7 is of finite

order. This means that every a € A satisfying N2(a) = 1 is of the form a = b - 1 (b) L.

If we replace pg by pf, = po - b where b € Aj we get

gy nP0) - gapnheo = gyt m(D0) - gypn - m2(D)hoe = Dok 25 aTh - m2(D)
= yppktzt a7, where o’ = a-b-ny(b) L.

Thus the class of a modulo coboundaries is unique.

3.14. We decompose A — [ into orbits under 7 and assume without loss of generality that

{1,...,m} C A — I is such an orbit, more precisely we may assume:
n(a;) = a1, i=1,....m—1, nlam) = .
We write
a; = «aifa) fori=1,...,m...
sy = (€1y.v s €my..n) where ¢; = +1

Then R™ = R™ x {0} € RA~! is an - and S?-stable factor of R*~1 on which the map
[ is described as follows:
L (Y1, ym)  —  (@1Ymer, a2yi€2, ..., amYm—1€m)

The characteristic polynomial is det ((T" - id — l)|gm) = T™—aq -+ - Q€1 * - - €. We remark
a;(N2(a)) =ay-ag---apy fori=1,...,m.

3.15. THE CASE a1---Qm =1 AND €1---€,, = 1. If a1 -+ a;, = 1 we can modify py such
that we get a; = ... = a,, = 1. But then we get from the definitions that F(H);, is a
component of the boundary of F'(H)u(1,... m},, if additionally € --- €, = 1: The vector

v = (61,6162,...,61"~6m_1,1)ERm
is an eigenvector of [ with eigenvalue 1, such that the algebraic multiplicity of this
eigenvalue is 1. Via the embeddings R™ C R2~1 C T,, X the vector v can be viewed
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as a tangent vector of the set of fixed points F(H)ruq, More precisely, if we

M}y
consider the map a = a7y : Xin(gf) X Rypy x (8™ — F(H)1n.,g, from 2.24,
then F(H)s,,q, lies in the boundary of F(H)ru(1,. m}q.g, and the latter is the image
of Xi%{l""’m}(gf) X Ry, X (EA)Iu{l,“.’m}’J/ under ajuf,..my- One gets the index set

(ZA)Iu{l’“_’mLJ/ from (EA)LJ/ by replacing the part (0,...,0) € R™ by the vectors +v.

The action of I on R™/(v) now gives a positive contribution to the expression

det (id — dH|Norm(F(H),)), Where Norm(F(H),) is the normal bundle of F(H),: One can
easily see that the determinant in the part belonging to R™/(v) in the normal bundle is
m > 0 using the formula (T™ — 1) = (T — 1) - (T™ '+ ... T +1).

3.16. THE CASE a1--+ay, = 1 AND €1---€¢,, = —1. If a1---a;, = 1 and €1---¢,, = —1
the number 1 is not an eigenvalue of the linear map [ and det ((id — [)|gm) = 2 is also a
positive contribution to the expression sign (det (id — dH| Norm( F(H)w)))

We conclude

(32) Z €1 €m - Sign (det (id - dH)|NO,,m(F(H)V))) = 0
€1 €Em
ifa;---a, =1.

3.17. IN THE CASE ai---a;, # 1 the number 1 is not an eigenvalue of the linear
map [ for all choices of ¢;, so that sign (det(id —[)|grm) is a factor of the expression
sign (det (id — dH)]Norm(F(H)W))). We compute

Z €1+ €msign (det(id — I)|gm) = Z €1 emsign(l—ay - am €1+ €p)

€150-5Em €1,05Em
0 ifay;---a, <1

(33) = Lo
—2m if ag - am > 1.

LEMMA 3.18. Assume [[;.;a; > 1 for all n-orbits J in A —I. Then the eigenvalues of the
differential of the map p +— 15 (p)° have absolute value < 1.

Proof: For v € A — I there exists a positive integer €7, such that the restriction of €7 -
to Ay has a continuation to a rational character from P;/Zg to Gy,. Let x1 o be the square
of this character. Thus we have:

Xiala) = a(a)*e for all a € Aj.
If we apply X1« to equation (1xr) in 2.10 we get
XraW(gy)) = aMe(a))* = |
since N (gnpn), No(hoo)s No(zookoo) € K2 N Pr(R) are all elements of ker(x;.q).

The differential of the map ppy — 1+ (p)po, from the space P?(R)/KL Z., to itself is the
same as that of the analogous endomorphism on Pr(R)/L._. The n-th (iterated) power of
this map is ppo — 7% (p)po = N(gyy)™t p-N(gyy) - po- The claim about the eigenvalues
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of the differential of the original map is equivalent to the corresponding claim about the
n-th composed map. But now we have

Ty, (Pr(R)/LL) ~ Lie(M[(R))/Lie(LL,) x Lie(Ur(R)).

Now the differential of the conjugation map p — N(g,7)~" - p - N(gy7y) has eigenvalues
of absolute value 1 on the first factor, since N (g,7) € L, = KLZ A, where Z, A;
centralizes the group M;(R) and K. is compact. The effect of the map on Lie(U;(R))
on the other side is described by the inverses of the roots followed by a conjugation with
something compact. Since the values of the roots are > 1 by assumption, the proof is
complete. O

PROPOSITION 3.19. We may summarize the contribution of the I-component:
2#8 S sign (det(id = H(s)) Norm(r),.) ) - €10 X-1(5)
se{£1}4

0 if X1,0 (N (gny)) <1 for some a € A —1T
(_1)#((A71)/7]) else

Proof: From (32) and (33) the vanishing in the first case is clear. If we have x7,o (N (gy7)) >
1 for all & € A — I then the eigenvalues «; of the map p — ny(p)o have absolute value
< 1 by lemma 3.18. Since the non real of them appear in pairs of complex conjugates we
conclude that [] jay #(1 — ) is strictly positive. We furthermore may compute:

> e Ila = X Ta-#{ve =0 <0 nw)-ss = v}

ee{£1}! el ec{x1}f 1€l

= > xaoawh) = ¢

ye{+1}

since x-1 (y - n(y) ") = x-1(y)-x-1 (1(y)) = x-1(y)* = 1. Now we get the claim from this
formula together with (33): The powers of 2 cancel against 2-#2 and from each n-orbit
in A — I we get one minus sign. O

First version of the trace formula

3.20. THE ASSUMPTIONS ON Z, Z¢,(. Recall that we fixed an open compact subgroup
Zy C Zg(Ay) satisfying

(Asszy) n(Zy) = Zy. This implies n(¢) = ¢.
We will consider only K satisfying
Kf N Zg(Af) = Zf.

The group Zo, C Za(R) satisfies
(Assz) N(Zx) = Zoo

since it is invariantly defined to be the connected component of the group of R-valued
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points of the R-split part of the center of G. Then the group
C = ZG(Q) N (Koo'Zoo'AA X Zf)
is p-invariant and has to satisfy

(Assk,)
(ngfg;1 'gooKooZooAAg;o1> NGQ) =¢ forall gy € G(Af), goo € G(R),

Finally Z; and therefore also ¢ are sufficiently small, in the sense that the following
assumption is fulfilled:

(AsS¢ der) cnGY@ = {1}.

Recall from 2.17 the definition Of° (7, hoo) = #R,,y of a substitute of an orbital integral
at the infinit place. Finally we recall the assumtion on the twisted centralizers:

((AsSconn)) Gim is a connected group if it is reductive.

THEOREM 3.21. Let hy be a Schwartz-Bruhat function on G(Ay) which is right invariant
under Ky, let M be a G(Q) x (n)-module and ho € K3} N My(R). If all assumptions in
3.20 are fulfilled then we have

tr ((heo X hy) o, H (GQ\G(A) /Koo Zoo - K, M) =

S (~1y#a=n/m). (—1)AG Ly +ha@) O (D7 heo)
e Ye(Pr(@), A
B N()~LL
X1a (N ()51

for all ae A—1T

D(GL,) - 7(GL,)
UOldb’oo(( 2)'/¢)

Op(, hy) -tr(yon|M) -

Remarks: The inner sum is formally over all n-conjugacy classes in P;(Q) which satisfy
the two listed conditions, but the factor D(Gfm) encodes the further conditions, that G{m
is reductive and contains a torus which is compact modulo the center at the archimedean
prime. For the definition of Op° (1,7, heo) We refer to (2.17).

Proof: First we use 3.7 and then we apply the general fixed point formula for compact
manifolds 3.3 to each correspondence H(s;/). Then we use the additivity of the Euler
characteristic with compact supports with respect to stratifications into locally closed
manifolds. We get

tr ((hoo th)OUaH*( (Q\G(A)/KoZoo - K, M) =

2 A Z x—1( ZSZW det(id — H())|Norm(P(r),)) - X (F(H)1,4)-tr(y o n| M)
seSA ol

Now we use 3.19 and (31) to get the claim. O
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4. Stabilization and Galois cohomology

Abelianized Galois cohomology

4.1. Let K be a perfect field. Recall the definition of abelianized Galois cohomology of
Borovoi and Kottwitz [Bovo|: If G/K is a reductive group, let G = G be its derived
group and G, the simply connected cover of Gg... We denote by Z C G the center, by
T C G some torus containing Z (in the applications 7' will be a maximal torus), and by
Zse = p~1(Z) and Ty, = p~1(T) their inverse images in Gs. under the composite map
p: Gge & Gaer — G. One defines H}lb(K, G) to be the Galois hypercohomology of the
complex 1 — Z,. — Z — 1, where Zg. sits in degree —1 and Z in degree 0. Since this
complex is quasiisomorphic to the complex 1 — Ty, — T — 1 we can as well define

HY(K,G) = HYK,1—-Te—T—1).
There exists a canonical map ab' : H'(K,G) — Héb(l_(, Q): If (1,) € Z'(K, Q) denotes a

cocycle, we may write ¢, = p(¢) - & for ¢, € Gs(K) and a cochain &, € Z(K). Then

Ao = P - T - (P),) 7! € Zgo(K) and the pair ((Asr), (&) € C*(K, Zs) x C1(K, Z)
defines a cocycle in the double complex which computes the hypercohomology H' (K, 1 —
Zse — Z — 1). Then ab' of the class of (¢/,) is the class of this pair.

We denote by X, the following complex of abelian groups with action of Gal(K /K) living
in degrees —1 and 0:

Xy 0— X(Ts) = Xi(T) — 0
Then we have H., (K,G) = H'(K,X, ® K ). We recall the definition of the algebraic

fundamental group from [Bovol:

m(G) = H'(X) = XuT)/pXu(Ts).

4.2. Now let G be defined over Q. Following [Bovo] the vanishing theorem of Kneser
H1(Qp,Gse) = 1 and the Hasse principle for semisimple simply connected algebraic groups
(Kneser, Harder and Chernousov) generalize to the statement that the following diagram
is cartesian:

HY(Q,G) —% H,(Q,G)

l !

ab!

H\R,G) -2 HL,(R,G)
(In the case G = Gy the groups Hl, (K, G) are trivial, and the diagram being cartesian
just means, that the left arrow is a bijection.)

The short exact sequence 1 — Q" — AT@ — A(’f@ /@* — 1 gives rise to an exact sequence
H(QX.eT) — H(QX.0Ap) — H(QX 0AyQ)

.l . .

HL(Q,G) —— @ H(Q,X.0TQ) — H YQm(Q)),
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where we have used the Tate-Nakayama isomorphism in the right column. Observe that
HYQ,m(Q)) = (771 (G)can@ /Q)> . The local Tate-Nakayama map gives us an isomor-

tors

phism:

Hyy(R, G) ~ H Y (R, m1(G)) ~ (m1(G)Gai(c/R)) s -
4.3. THE GROUP OF CONNECTED COMPONENTS OF A REAL ALGEBRAIC GROUP. For
G/R we consider the homomorphism ab’ : G(R) — H(R,X, ® C*), which maps g =
p(s) - z € G(R) with s € G4 (C) and z € Zg(C) to the class of the 0-hypercocycle
(s-571 2) € Z°(R, Zs(C) — Zg(C)). Here (a,b) € Zs.(C) x Zg(C) is a 0-hypercocycle iff
p(a) =b-b~! and a - a = 1. The hypercoboundaries are of the form (¢- ¢!, p(c) - dd) for
c € Zs.(C),d € Zg(C). We define the torus Zg to be the connected component of Zg as
an algebraic group.

LEMMA 4.4. (a) The kernel of ab® is the group p(Gsc(R)) - {dodo | do € Z&(C)}.
(b) The map ab° induces an injection mo(G(R)) — HO(R, X, @ C*).

Proof: (a) If ab’(g) = 1 with g = p(s) - z then s - ¢ € Gs.(R) and g = p(s - ¢) - dd with
¢ € Zs.(C) and d € Zg(C). But since we can write d = p(d) - dgp with § € Zs.(C) and dy
in the torus Zg(C) we get the representation g = p(scdd) - dody with scdd € Gye(R). On
the other side it is easy that each element of the form g = p(s) - dd with s € G4.(R) and
d € Z&(C) lies in the kernel of ab®.

(b) Since G4c(R) and Zg(C) are connected as Lie groups, the same holds for their contin-
uous images p(Gsc(R)) and {dodo | do € Z&(C)}. Thus the kernel of ab® is connected. On
the other side the kernel of ab® is an open subgroup of G(R), since its Lie algebra coincides
with the Lie algebra of G(R). This implies the claim.

O

Stabilization

DEFINITION 4.5. We say that a pair (G, n), where G /Q is a reductive group and n € Aut(G)
is of finite order, has trivial Galois cohomology, if all maps H'(F, Gyy) — HY(F,G) are
trivial for F' = Q and for all F' = Q,, v an arbitrary valuation of Q.

REMARK 4.6. The groups G = GLy, SLy, Spyy, GSpy, have trivial H' over every field F.
The pair (PGLa2,11,7), where 7 is of the form A +— J-tA~1. J=! also has trivial Galois
cohomology, since every stabilizer G, has a unique lift to the group SLa, 11 (compare the
proof of [BWW, Prop. 6.5.]), so that H'(F,G,.,) — H(F,G) factorizes over the trivial
set HY(F,SLaj+1)-

REMARK 4.7. If (G, n) has trivial Galois cohomology (which we will assume in the sequel),
then it is well known that the conjugacy classes inside the 7-stable conjugacy class of
some v € G(F) are parametrized by the elements in H!(F, G, ). In the following we will
not distinguish between classes in H'(F, G, ) and representatives of conjugacy classes
corresponding to them. This applies in the following definition, where we furthermore use
the Kottwitz sign e,(G) € {£1} for an algebraic group G/Q,, if v is a place of Q, as
defined in [Kol].
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4.8. We introduce the local stable orbital integrals:

S0, (n0.hy) = > e (Gopn) Onlmh)
’YPEHI (QP’G’YO,W)

and its analog in the finite adelic setting:

SOy(0.hs) =TI SO4(r0.hp) if
p finite
hy = ][ M
p finite

We extend this definition by linearity to all Schwartz-Bruhat functions on G(Ay).

THEOREM 4.9. Assume that the pair (G,n) has only trivial Galois cohomology. For I C A

and vy € Pr(Q) assume that G = G{Yom is a connected reductive group, let Ggs be the

quasi-split inner form of G and define A(yp,n) = A(G, L) + %q(éqs). Then we have

tr ((hoo X hiy) 0, HI (G(Q\G(A)/ Koo Zoo - Ky, M) =

S (—1)#(@=D/m). Y (10 hes) - SOy(Y0, hg) - tr(v0 0 pIM),
ICA Y0 €(Pr(Q)), _4
=i N~k

XI,a(N(70))>1
for all ce A—T

with

(O (I”YOJLOO)
Qoo (Y0, Poo) = ndl— . (_1)A(’YOJ7) .
¢y

#H'(R,T)
V0l gp,, <(%)’/C)

Here 7y runs over the stable n-conjugacy classes inside Pr(Q) satisfying the two listed
conditions.

Proof: We start with a twisted conjugacy class 79 in G(Q). Then all elements stably
conjugate to vy are parametrized by the kernel of the map H'(Q, é) — HY(Q,Q), where
G = Géoﬂ]' Since (G, n) has trivial Galois cohomology, this kernel equals H'(Q, G). Let
us consider the following diagram, where the right column is exact and the left square is
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cartesian:
0
1(Q, G)
H'(QG) *—  HLQE) —— HLQQ)
l l loc

H'R,T) -2~ H'(R,G) —*~  HL(R,Q) @, H.,(Q,, G)

|

(m(@)eaz(cm))tom =, <771(C~;)Gal(@/@)>tors

Remark that ig is surjective if G = G{W and v is an [-elliptic element. Furthermore if v is

I-elliptic, then we have the equality of the Q-rank with the R-rank of the torus G / Ger-
Recall that the Kottwitz signs e, (G) satisfy:

ep(G) = (—l)mnk@f’(é)_mnk@P(éqS) for p finite

(_1) %q(éde'r)_%q((éqs)der)

[[ee( @ = 1

—
(Y
SN—
Il

Here q(éder) denotes the dimension of the symmetric space associated to the derived group
Gger. Thus we have

(34) (=1

N|=

q(édw) — (_1)%Q((éq3)der). H ep(é).

p finite

The Tamagawa numbers satisfy [Sans]:

- # (Wl(é)eaz(@/@))tom ~
(35) T(G) - #HI(Q, é) : T(Gsc)‘

Recall that 7(Gs.) = 1 by the main result of [Ko2].

Finally note that if D(G) does not vanish, it equals the order of the kernel of the map
HY(R,T) — H'(R,G). More precisely: If G5 denotes the inner form of G obtained by
twisting G/R with § € H'(R, G), then D(ég) equals the cardinality of the inverse image
of 3in HY(R,T). (compare [She])

The process of stabilization now works as follows: The sum over all (n-twisted) conjugacy
classes in the stable class of g, which is a sum over v € H 1(@,@) may be replaced
by a sum over those pairs (o, 3) € Héb(@, é) x H'Y(R, é), which have the same image in
H!, (R, G). This may be replaced by a sum over pairs (a,§) € H!, (Q,G) x H'(R, T) having
the same image in H!, (R, &), if we remove the factor D(G) from the trace formula. If we
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introduce an additional factor #I(Q, G) in the formula, we may replace the sum over
(o, 6) by a sum over those (4,¢) € HY(R,T) x ®,H!, (Q,, G), for which the image of € in

(771 (G)Gal((@/@)>tor
component €.,. But since the maps iy, abﬁg and ig are surjective, we may simply replace

the sum over (d,¢) by a sum over w € @D, finie H!,(Q,,G) after introducing an extra

vanishes and for which the image of § in H}, (R, G) is the archimedean
S

factor # ker (Hl (R, T) — <7T1(G)Gal(©/@)>tors>. But now the product of this last factor

with #11(Q, G) equals #H'(R,T) - 7(G)~! by (35). Now observe that H!, (Q,,G) ~
HY(Q,, G) ~ ker (Hl (Qp, G) — HY(Qy, G)> describes the local twisted conjugacy classes

in the local stable twisted conjugacy class of ~y. Putting everything together, especially
(34), we get the claim. O
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5. Comparison of fixed point formulas

Twisted stable endoscopy

5.1. SPLIT GROUPS WITH AUTOMORPHISM. Let G/R be a connected reductive split group
scheme. We fix some ”splitting” i.e. a triple (B, T, {Xa}aca) where T' denotes a maximal
split torus inside a rational Borel B, A = Ag = A(G,B,T) C ®(G,T) C X*(T) the set of
simple roots inside the system of roots and the X, for the simple roots o € A are a system
(nailing) of isomorphisms between the additive group scheme G, and the unipotent root
subgroups B,. If R is a field we may think of the X, as generators of the root spaces g,
in the Lie algebra. Here X*(T") = Hom(T,G,,) denotes the character module of 7', while
X.(T) = Hom(G,,,T) will denote the cocharacter module of T. Let n € Aut(G) be an
automorphism of G which fixes the splitting, i.e. stabilizes B and T and permutes the X,,.
We assume 7 to be of finite order [. We denote by

G =G x (n)

the (nonconnected) semidirect product of G with 1. n acts on the (co)character module
via X, (T) > " +— noa” resp. X*(T) > a+ aon~l.

5.2. THE DUAL GROUP. Let G = @((C) be the dual group of G. By definition G has a
triple (B,T,{X4}) such that we have identifications X*(T) = X,(T), X.(T) = X*(T)
which identifies the (simple) roots & € X*(T') with the (simple) coroots ¥ € X, (T), and
the (simple) coroots " € X,(T') with the (simple) roots v € X*(T'). There exists a unique
automorphism # of G which stabilizes (B,T,{X4}) and induces on (X, (1), X*(T")) the
same automorphism as n on (X*(7), X.(T)).

5.3. THE 7-INVARIANT SUBGROUP IN (. Let H = (G")° be the connected compo-
nent of the subgroup of #-fixed elements in G. It is a reductive split group with triple
(BH,TH, {XB}/gGA ), where By = B77 Ty =17 and the Xﬁ are of the form X =5 X,
as elements of the Lie algebra g, where map S; : g — g will be explained soon.

We have the inclusion of cocharacter modules X, (Ty) = X, (1) ¢ X,(T') and a projection
for the character module

Py X*(T) - (X*(T)5) free = X*(Th1),
where (X *(T)n) free denotes the maximal free quotient of the coinvariant module X* (T)n
For a Z[n]-module X we define a map

ordg(n)—1
Sy X — X7, T Z n'(x)
i=0

where ord,(n) = min{i > 0 | n°(z) = 2} is the length of the orbit (n)(z).
For the roots ® and coroots ® of a given root datum (X*, X, ®, ®") we have to introduce
a modified map Sj by

Sp(a) = cla)- Sy(e) where
2
AT s @)
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resp. by the formula where the roles of o and o are exchanged. For all simple root
systems with automorphisms which are not of type As, we have (a",n'(a)) = 0 for
i=1,...,0rdy(n)—1 which implies ¢(a) = 11i.e. 5] (o) = Sy (a). We furthermore introduce
the subset of short-middle roots and the dual concept of long-middle coroots:

. . .1 .
G = {acHCT)|5 R ¢ PG
oG, 7)™ = V(G T)™ = {av ac qn(é,:ﬁ)sm}
PROPOSITION 5.4. With the above notations we have
(36) O(H,Ty) = Py(®(G,T)™) for the roots
(37) OV(H,Ty) = S;](CDV(CA?, T)m) for the coroots
AVH = AY(H,By,Ty) = S;](Aé) for the simple coroots
Ay = A(H,By,Ty) = Py(Ag) for the simple roots
Proof: This may be deduced from [St, 8.1]. O

DEFINITION 5.5 stable n-endoscopic group. In the above situation a connected reductive
split group scheme H/R will be called a stable n-endoscopic group for (G,n) resp. G if its
dual group is together with the splitting isomorphic to the above (H, By, Tx, {Xg}geAﬁ).

Remarks: Since H is unique up to isomorphism (up to unique isomorphism if we consider
H together with a splitting) we can call H the stable n-endoscopic group for (G, 7). For a
maximal split torus Ty C H we have:

(38) Xi(Ta) = (Xu(T)y) tree for the cocharacter module
X*(Tyg) = X (1) for the character module

5.6. To get examples we use the following notations:
diag(ai,...,an) € GL, denotes the diagonal matrix (9; ; - a;);; and

antidiag(ai, ..., a,) € GL, the antidiagonal matrix (; ,+1—;-a;)i; with a; in the upper
right corner. We introduce the following matrix

J=Jn = Gins1—j(—1)"Nigijcn = antidiag(l,—1,...,(=1)""1) € GL,(R).

and its modification J5, = antidiag(1,—1,1,...,(=1)""L (=1)"=1 ... 1,—1,1). Since
tJ, = (—1)"1. J, and J}, is symmetric we can define the

standard symplectic group Spa, = Sp(Jan)
standard split odd orthogonal group SO2n+1 = SO(Jop+1).
standard split even orthogonal group SO, = SO(J5,).

We consider the groups GL,,, SL,,, PGL,, Spy,,, SO, with the splittings consisting of the
diagonal torus, the Borel consisting of upper triangular matrices and the standard nailing.
We remark that the following map defines an involution of GL,,, SL,, and PGL,,:

U:ﬁnigHJn'tg_l'Jﬁl-
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EXAMPLE 5.7 Ay, < C,,.

G =PGLapt1, 1 ="mn2n41 has dual G = SLan+1(C), 7= Nant1

U
H = Spy,, has dual H =802,41(C)

EXAMPLE 5.8 Ag,,_1 < B,. The group G = GLso, X G;, has the automorphism
n:(g,a) = (n20(9), det(g) - a)
which is an involution since det(nz,(g)) = det g~!. The dual 7 € Aut(G) satisfies
7(g,b) = (n2n(g) - b,b), so that we get

G =GLoy X Gy, 1 has dual G = GLgn(C) x C*, 7
U
H = GSpiny,,, has dual H = GSp,, (C).

Recall that GSpin,,,,; can be realized as the quotient (Gm X Spiny,, +1) /2, where g ~
{£1} is embedded diagonally, so that we get an exact sequence

1 — Sping,,; — GSping, 4 5 Gn — 1,

where the "multiplier” map p is induced by the projection to the G,, factor followed by
squaring. Thus the derived group of GSpiny,,; is Sping,,;, i.e. a connected, split and
simply connected group.

EXAMPLE 5.9 Ag,—1 < B, modified. In the example 5.8 the subtorus Z, = {(z -
Idop,27™)|z € Gy} C Z is n-stable, in fact n acts by inverting elements of G,, ~ Z.
Therefore the n-action descends to the quotient group G’ = G/Z;. We may identify

G~ GLQn/Mn
(A,bymod R — A- /b
The induced n-action reads A mod p, — 12, (A) - {/det(A).

We remark that 1 acts as identity on the center of G’, which is Gy, /iy ~ Gy, The group
of m-invariants in the center is therefore a connected group.

The dual group G’ is the following n-stable subgroup of G:
G = {(A, b) € G| det(A) = b"} .

Since G C G’ we may consider H = GSpin,,,,; as a stable endoscopic group for (G’, 7).

Comparison of characters

5.10. MATCHING OF FINITE DIMENSIONAL REPRESENTATIONS. Let k£ be a field of char-
acteristic 0. Let M = M, be the finite dimensional representation of GG of highest weight
x € X*(T)". We also denote by M, the extension of this representation to G' = G x (),
such that 7 acts as identity on one (every) highest weight vector v,. Let My = My,
be the corresponding representation of H where we now consider y as a weight in
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X*(Ty) = X*(T)". In this situation we say that the G-module M matches with the
H-module Mg.

We can as well consider My, as an element in the Grothendieck-group Gro(H, alg) of
finite dimensional algebraic representations of H and M = M, as an element of the quo-
tient group Gro(G,n) = Gro(G, alg)/Ind§Gro(G, alg). The correspondence My, + M,
induces an isomorphism between these groups (recall that the order of 7 is a prime). This
isomorphism enables us to introduce the notion of matching on the level of Grothendieck
groups.

5.11. Recall ®(H,Ty) = ®V(H,Ty) = S;(®V(G,T)'™) = S;(®(G,T)"™) by (37) of
Proposition 5.4. We may define ®(G,T)*™ by the same formula as above using the
projection P, : X*(T') — (X*(T)5)free- In the case of an irreducible root system each
ap € (G, T)— O(G,T)*™ (which exists only for type Ag, and n of order 2) is of the form
a; = ag + n(ag) for some ag € ®(G,T) — (G, T)™ and vice versa. We have c(a;) = 2
and the n-orbit of g is uniquely determined by «;. Compare [Bal, 2.5.] for details.

LEMMA 5.12. Suppose the root system ®(G,T) is irreducible. If o € ®(G,T)"™, i.e.
3P, (a) ¢ P)(®(G,T)), then there exists a set of root vectors {X,, € g,\{0}y € n%(a)},
such that n acts by permutation on these root vectors.

If o is such that $P,(a) € Py(®(G,T)), then n(a) = a, n has order 2 and n acts as —1 on

Yo
Proof: This is essentially [Bal, lemma 2.9.].

PROPOSITION 5.13. Let the finite dimensional irreducible representation M of G match
with the representation My of the stable endoscopic group H. Let v € G(k) be n-
semisimple and 7(vy) be a matching element in H (k). Then we have:

tr(noy,M) = tr(r(v),Mpg).

Proof: The proof is similar to a proof of the Weyl character formula (comp. [Hum, 24.3.]).
In fact one can get the result by comparing a Weyl character formula for non-connected
groups as in [Wen| with the formula for the endoscopic group.

We may assume that k is an algebraically closed field and therefore that v € T'(k) and
7(y) € Tu(k). We will work in the Grothendieck group Gro(b_) of finitely generated
b_modules, where b_ = n_ + t is the Borel subalgebra containing the negative roots in
the decomposition g = Lie(G) = ny @ t®n_ and t = Lie(T). For A € X*(T) we denote
by Zy the Verma module

Zy = U@ upo k= Indgh = Ub_) Sy k.
Then we can write

M=M, = Z signG(w) - Zuy(r+56)—sc>
weW (G,T)

where 0g = %Zaeq,(G’T)Jr « is half the sum of the positive roots. Since signg(n(w)) =
signg(w) we may collect the Verma modules on the right hand side indexed by Weyl-
group elements w in the same n-orbit to get G-modules on the right hand side. Here n acts
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as intertwining operator from Z,\155)-55 10 Zp(w)(\+65)—s 1 such a way that 7 acts
by permutation on the set of some highest weight vectors m,(x4.5,)—s,- Then the above
identity becomes an identity in the Grothendieck group of G modules. The computation
of tr(n o+, M) reduces to the computation of the formal traces tr(n o 7, Zyrt54)-s,) for
w € W(G,T)", since the trace of 7o on a direct sum of Zy,(x154)—s, 13 obviously zero if
w is not p-invariant.

To compute the formal trace we can view Z) ~ U(n_) as a symmetric algebra over n_. We
may take a basis (Xq)aco— of n_ as in lemma 5.12 and view Z) as a polynomial algebra in
this basis. Then the action of o+ respects the set of one dimensional monomial subspaces
of Z) and only those monomials contribute to the trace, which contain all X, in an n-orbit
with the same exponent. If we have no o with 2 P, () € P,(®(G, T)) then the formal trace
may be written up to the factor A(vy) in the form

-1

11 1- [ ot - [T - (Syla)()™

a0€P(G,T)~ /n aen?(ap) a0€P(G,T)~ /n
-1
(39) = I a-dEm) .
o' € (H,Ty)~

This coincides with the formal trace of 7(vy) acting on a Verma module for the endoscopic
group H. If we have some oy with 3P, (oy) € Py(®(G,T)) then we have to replace ®(G, T)~
in the above formula by (®(G,T)*™)” and multiply with additional factors of the form
(since n acts by —1 on X, we get alternating signs in the geometric sum):

Q+a@)™ = 1-a()+a()?’—...

But each such oy is of the form «yg —|—77(a0) S, (ao) and thus this factor may be multiplied

with the corresponding factor (1 — S, () (7y ) to give the factor

)
-1
(1 - Oél ) (1 ’7)) )
since S; (o) = 28;(y) in this case. Now (37) of Proposrcion 5.4 tells us that we again
arrive at the right hand side of (39).

From the above considerations we deduce moreover that d¢ = dp as elements in X*(Ty) =
X*(T)" so that w(A + dg) — d¢ may be identified with the corresponding element w(\ +
dp) — 6 in X*(Ty) for w e W(G,T)" = W(H,TH). Reversing the computation for the
group H we immediately get the claim.

0

LEMMA 5.14. In the notations of prop. 5.13 let n be the unipotent radical of a standard
parabolic subalgebra p C g = Lie(G), let ng be the unipotent radical of the corresponding
subalgebra pg C ) = Lie(H). Let L resp. Ly denote the corresponding Levi groups. Then
for every w € W(H) = W(G)" we have that

(1)t g ) (ng M), (x+6)—s € Gro(Ln) matches with
(—l)lc(w) . Hlo(w) (n, M. )w(x+6 s € Gro(L,m).

Proof: Recall that H” (n, My) denotes the subspace of H"” (n, M,) which transforms un-
der the action of L as the irreducible representation of highest weight x. Recall from [Kos,
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theorem 5.14.] that the space H'¢(®) (n, MX)w(XM)i(S is an irreducible L-module if w is a
Kostant representative for the coset space W (G)/W (L). The theorem of Kostant further-
more tells us that the highest weight vector in H'¢(®) (n, M,) w(x+6)—8 is the cohomology
class having e’ o, @My as a representing cocycle, where m,,, € My is some weight vector
for the extremal weight wy and {e’ 4} for ® C ®(n) denotes the basis of A'n’ dual to the
basis {eg} of A'n, where

ep = ey N...Neg, ifq):{gbl,...,gb,/}

and the ey € n are generators of the root spaces. From this description it is clear that the
lemma is correct up to sign. At first recall from the existence of Steinberg representatives
[Bal, lemma 2.7.] that there exists an n-invariant representative w € G(k) of w. We can
take My, = w(m,) for some highest weight vector m,. Since 7 acts trivially on m, by the
definition of M, as an G-module, we deduce that 7 acts as identity on My -

Therefore it remains to prove that n acts as (—1)c()=ln(®) on ¢ o, Recall &, =
w(®(G,T)")N®(G,T)" and lg(w) = #P,,. We compare the contributions of the n-orbits
of roots a to lg(w) — I (w). Let A be the length of the n-orbit of .

For o € ®(G, T)*™ N ®(G,T)"™ the contribution is A to lg(w) = #®,, and 1 to Ig(w) =
#®(H,TH)w. By lemma 5.12 we can take basis elements ey for ¢ in the n-orbit of a, which
are permuted by 1. Now 7 acts by (—1)*~! on the exterior product of these vectors, which
gives the correct contribution.

If a is such that 2P,(a) € P,(®(G,T)), then there exists another root o’ such that
2P,(a) = Py(d). In fact o/ = o + n(«r) and n(a’) = &/, so that o/ € ®,, if a« € ®,,. But
the converse implication also holds: If o ¢ ®,, then « lies in at least one of the halfsys-
tems w(®(G,T)") and ®(G,T)~. But since 7 stabilizes the decomposition in positive and
negative roots and furthermore fixes w, we get that n(«) also lies in this halfsystem. Since
the halfsystems are closed under addition of roots, we deduce that o lies in one of them,
i.e. o/ ¢ ®,. Thus we may compute the contribution of the n-orbit of o together with the
contribution of o. We conclude that we have a contribution A+ 1 to lg(w) = #®,,. Only
Sy () contributes a 1 to ly(w), since a ¢ ®(G, T)!™. By the same argument as above
n acts by (—1)*~! on the exterior product of the ey for ¢ in the n-orbit of «, but as —1
on ey (again by lemma 5.12), which gives the correct contribution (—1)* to e’ o, This
finishes the proof. O

Lifts

5.15. Let G1 = H/F be the stable endoscopic group of the pair (G, n), where G/OF is a
reductive connected split group over the ring of integers O of a number field F' and 7 is
an automorphism of finite order fixing some splitting of G. In the following definitions we
denote by F' either some local non-archimedean field F}, or the ring of finite adeles A ;.

While it does not matter in the following which Haar measures we take on the initial
groups G and G (we just have to multiply hy resp. hy1 by a scalar), we have to be careful
in using Haar measures on the (7-)centralizers of matching semisimple elements vy and ~y;
when we define the matching of Schwartz-Bruhat functions in the sequel. If F' is a local
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non archimedean field we normalize the Haar measures such that they give the measure 1
to the integral points of the connected component of the centralizer.

If I = Ay we take the Haar measures as finite parts of some Tamagawa measures db =
dboo X dby resp. dby = dby oo X dby y which are normalized in such a way that the following
identity holds:

(40) e (0, DI = laeo(y1,1)]-

Recall from 4.9 that the definition of as (7, 1) involves the infinity component of the Haar
measure of the (7-)centralizer of ~.

Warning: We do not assume, that the product of the normalized local Haar measures
at the finite places gives the Haar measure on the finite adeles. Therefore the results
in the next subsection will need some careful analysis of the local factors | (7y0,1)]
(compare [W2]), before they can be used to get exact multiplicity statements in the lifting
of representations (compare [Wes]).

DEFINITION 5.16. The Schwartz-Bruhat functions hy € C3°(G(F')) and hy € C°(G1(F))
are matching if they have matching stable orbital integrals i.e. if

SO(v,hg) = SO, hya)
for all matching semisimple elements v € G(F') and v; € G1(F).

Recall that a distribution on G(F') is called n-stable if it lies in the closure of the space of
stable orbital integral distributions hy — SOy (v, hy).

DEFINITION 5.17. The admissible representation m € Rep(G(F) x n) is a lift of m €
Rep(G1(R)), if tr(hy - n|m) = tr(hsi|m) for all matching hy € C°(G(F)) and hy; €
C(G1(F)) and if furthermore the characters xr : hy — tr(hy - n|n) and Xz, : hy1 —
tr(hys1|m) are (n-)stable distributions.

Some virtual admissible representation I1 € Gro(G(F) x n) is the lift of II; € Gro(G;(F))
if we can write them in the form II = 7 — n’ and II; = 7 — 7} such that the admissible
representations 7,7’ € Rep(G(F) x n) are the respective lifts of w1, 7] € Rep(G1(F)).

5.18. Now we assume that we are in one of the following situations:

(G7 7, Gl) = (PGL2n+1> 7, Sp2n)
(G7 7, Gl) = (GL27L X GLla m, Gspin2n+1)

In an earlier paper [BWW] we have shown that the twisted fundamental lemma for these
situations can be reduced to a statement (”BC-conjecture”) comparing stable orbital
integrals on the groups Spsy, and SOsg,+1, a phenomen which has been worked out by
Waldspurger in more generality ([Wa3]). This statement has been proven by Ngo [Ngo,
Théoreme 2] in the case of positive characteristic, but the work of Waldspurger [Wa2] [Wa3]
allows to reduce the case of p-adic fields to this fundamental result of Ng6. We remark
that the cases n = 1 and n = 2 have been obtained earlier using explicit calculations of
p-adic orbital integrals ([F11],[F12] and [BWW, 7.10]). We thus have:
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THEOREM 5.19. In the case that F' is a local field with sufficiently large residue char-
acteristic and (G,n,G1) is as in 5.18 the characteristic functions of G(Or) and G1(OF)
match.

REMARK 5.20. In the case that I is a local field it is well known that for each hy there
exists some matching hy; and vice versa. This is elementary for functions having support
in the set of (n-)regular elements and may be deduced in the above situations from [Wal]
(for the case n = 2 compare [Hal2]) and [Wa3] for all Schwartz-Bruhat functions. We
conclude from this local matching property and the fundamental lemma that in the above
situations the corresponding statement holds in the case ' = A; for sufficiently many
functions to get weak lifting statements. Details will be explained elsewhere.

THEOREM 5.21. In the case that F' is a local field with residue characteristic not 2 and
(G,n,G1) is as in 5.18 then two elements of the Hecke algebra f € S(G(F)//G(OF)) and
f1 € S(G1(F)//G1(OF)) match, if f maps to fi under the Satake isomorphism.

Proof: If the group Z/, is connected, this statement is reduced to the special case (5.19)
in [W3], which is an extension of the results of [Hall] to the twisted case. In the case
G = GLa, X Gy, we may reduce to the situation (G',n,G1) = (GLan/ptn,n', GSping,,, )
of example (5.9), where the n-invariants of the center form a connected group:

If t € T(F) maps to t; € T1(F) under the norm map, we have to show that the characte-
ristic functions f of G(Op)tG(OF) and fi of G1(Op)t1G1(OF) match. This is equivalent
to the same statement for G’ and the characteristic function f’ of G'(Op) - t' - G'(Op),
since we have the following identity between the stable orbital integrals: Off( [,G) =

0% oar(f'; G'), compare [BWW, lemma 5.8.].

Lifting of cohomology

5.22. In the next theorem G will be defined over a totally real number field F'.

As maximal connected and compact subgroups of G(R) we choose the following: Ko, =
[Tojoc Koo € G(R) =[]0 G(R) where Koy = SOn(R) for G = GLy, GL, x GL; and
in the case that n is odd also for G = PGL,, K, = Up(R) for G = GSp,, and for
G = Spy,-

THEOREM 5.23. Let F' be a totally real number field. Assume that (G/F,n,G1/F) is as
in 5.18. For the groups G = Resp/oG and G = Resp/pG1 we have, if the G-module M
matches with the G1-module M;:

H} (GQ\G(A) /Ko Zoo, M) € Gro(G(As) xn) = Gro(G(Ay p) x n)
is the lift of

H: (G1Q\G1(A)/ Koo 1 Zoo, M1) € Gro(G 1 (Af)) = Gro(G1(As r)).
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Proof: Let hy and hy; be matching Schwartz-Bruhat functions. We choose open compact
subgroups Ky resp. K1 of G(Af ) resp. G1(Ay ) such that hy is right invariant under K
and hy right invariant under Ky ;. Since we may make Ky smaller we can furthermore
assume that Assk, and Ass¢ger are satisfied. Replacing K fiby Ky Nn(Ky) we may
furthermore assume that Ky is n-invariant, so that Zy = Ky N G(Ay) satisfies Asszy.

We remark furthermore that Asscon, is fulfilled in the cases under consideration: this
is clear for the endoscopic groups since Sps, and the derived group of GSpin,, | are
simply connected, which implies that the centralizer of a semisimple element is connected.
Furthermore it is well known that the connected component of the centralizer of a non
semisimple element is not reductive.

On the other hand it follows from the computations in [BWW] (compare Lemma 2.9. and
Step 3 in the proof of Theorem 5.11) that the n-centralizer of an element in GLg, x GL;
is a product of a symplectic group, a special orthogonal group, some centralizer inside a
symplectic group and of G,,. This implies that the centralizers GI are connected. The
case of PGLagy, 41 reduces to the n-centralizers in SLoy, ;1 (Proof of Prop 4.5. loc. cit.) and
can be handled by the same argument.

Then we have to prove
tr (nohg|H; (GQ\G(A)/KeoZoo - Ky, M))
= tr( S(GLHQ\G1(A) /Ko p Zoo - Ky, M1))

Since the assumptions of the trace formula in 3.20 and the assumptions for the stabilization
in §4 are satisfied , we may replace the traces by the right hand sides of 4.9.

First of all we note that the (stabilized) trace formula implies that the two virtual char-
acters which are defined by the two sides of this equation are stable resp. n-stable distri-
butions, so that the lifting claim makes sense.

We remark that the set Ay of simple roots of G; can be identified with the set of n-orbits in
the set of simple roots of A, i.e. we have a projection 7 : A — A/n ~ Ay, so that we have a
bijection between the set of n-invariant subsets I C A with the set of subsets I; C A given
by I — w(I) and I — m~(I;). Since this bijection satisfies (—1)#(A=D/n) = (—1)#(&1-h
we are reduced to prove

Y. ax(h0.1) - S0y(v0,hf) - tr(vo 0 M)
'VOE(PI (Q))nf‘st
N(y0)~LE,
X1,a(N(70))>1
for all aeA—TI
= > Qoo (71, 1) - SO(y1, hp 1) - tr(yi| M)
ne(Pr, (Q))st
”/1NL2>,1
Xll,al(’yl))>1
for all a1€A1—1
We observe that M, is the stable endoscopic group of (M, n). We remark that an element
70 € P;(Q), such that NV(vg) has a conjugate in L%, is n-semisimple, since L. contains
no unipotent elements. Thus its 7-conjugacy class meets the Levi group M;(Q), so that
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we are reduced to consider elements vy € M(Q). The definition of stable endoscopy
implies that we have a bijection between 7-semisimple 7-conjugacy classes in M;(Q) and
semisimple conjugacy classes in the corresponding M, (Q) such that this induces the
projection T'(Q) — T'(Q), ~ T1(Q) on the diagonal tori. From Cor. 6.4. , Prop. 7.5(b) and
Cor. 7.6. in [BWW] we deduce that "matching” defines a bijection between those (7-)stable
(n-)conjugacy classes which have rational representatives vo € M(Q) resp. v1 € My, (Q).

With these notations it remains to prove:

(a) X1,a (N(70)) >1forall « € A—T if and only if x7,,4, (71)) > 1 for all a1 € Ay — I,
(b) Nw) ~ LL & m~ L,
(C) O‘OO(VO’ 1) = aOO(’Yl’ 1)’
since we already know SOp(y0,h¢) = SO(v1,hys1) by assumption and tr(vyy o n|M) =
tr(~1|Mi) by proposition 5.13.

5.24. To prove (a) we may replace 7o by an 7-conjugate v, € T'(Q) and ~; by a conjugate
7}, such that 4}, maps to +} under the canonical projection T(Q) — T1(Q). The element
N (70) is then a conjugate of NV'(v)). But under the identification X*(71) = X*(T)" we
can take X1, o, to be a positive rational multiple of xjq o (id + n). The claim is now an

immediate consequence of this.

5.25. To prove (b) we use 7, and 7] as in the proof of (a). Then v; may be conjugated
into Lial if and only if 7(c(v])) has absolute value 1 for all embeddings 7 : Q < C and all

roots ay € I1 and if ~y; satisfies a certain condition, which characterizes Lgé | inside Lg’ln
This condition is p(p(y1)) > 0 for all p : F' < R in the case G} = GSpinQ;Hl and is the
empty condition for G = Sp,,,. Similarly A'(yp) may be conjugated into L.  if and only if
T(a(N(7())) has absolute value 1 for all 7: Q — C and if in the case G = GLg,, X GL; we
have p(a®-det A) > 0 for all p: F — R, where 79 = (A, a). But since a o N = a0 (id + 1)
is either a root or twice a root in I; and since the sign conditions correspond to each other
under the identification X*(77) = X*(T)", (compare [BWW, 1.15]), the claim (b) is now
clear.

5.26. The statement of (c)is up to sign just the assumption in normalizing the Haar
measures on the centralizers made in (40) above. It remains to check that A(yp,n) =
A(v1,1id) (at least modulo 2).

To prove that q(égom) = q(é{;” ) for the quasisplit forms we remark that we may deduce
from [BWW] that the centralizers of vy and ~; have factorizations in factors which are
either isogenous for the two groups or are of the shape that some SO2441 for one group
corresponds to some Sp,, for the other group. Since these two groups have no outer
automorphism we have to take their split forms and then get

9P +yg dim(SOg441) — dim(SOy41 x SO,) g% +g

and ¢(SOg¢41) = 5 =

Q(SPQQ) =

The remaining summand A(G, K) is just the difference between the dimension of the
maximal real split torus ngp " in the center of G and the dimension of its intersection

with the center of the original group. By the result already cited from [BWW] the centers
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of the two centralizers are isogenous, so the dimensions of their real split tori coincide.
The dimensions of the intersections with the original centers also agree (they are 0 in
the situation G = PGLo,1+1 and G; = Spo, and are 1, resp. the degree of the totally
real ground field, for G = GLy, x G,, and G = GSpiny, ). The equality of the signs is
proven. ]

COROLLARY 5.27. Under the assumptions of theorem 5.23 we have:
H* (GQ\G(A)/ Koo Zoo, M) € Gro(G(Ay) xn) = Gro(G(Ag,r) x 1)
is the lift of

H* (G1(Q\G1(A)/Koo1 Zoo, M1) € Gro(G(Af)) = Gro(G(Agr))

Proof: This may be deduced from the previous theorem by Poincaré duality: We have
H' (G(Q\G(A)/ Koo Zoo, M)
~ Hom (HI O™ (GQ\G(A)/ Ko Zoo, M) , HEO) (GQ\G(A)/ K Zoc, ©) ),

and a similar relation holds for the group G;. It is clear that the cohomology with compact
support in the highest dimension lifts from the group G; to (G, 7). O

ExXAMPLE 5.28. Let us consider the special case where G = GL4/Q x GL;1/Q and G; =
GSp,/Q and M and M are the constant sheaves. Furthermore let hy resp. hys; be the
characteristic functions of the maximal compact subgroups Ky = GL4(Z) x 2* and K =

GSpy4(Z). In this case the statement reduces to an identity which can be shown to be true
by other methods: We have isomorphisms

X = GOQ\GA)/KxZy- Ky ~  SL4(Z)\SL4(R)/SO4(R) and
X1 = GLQN\G1(A)/Koo1Zoor - Kf >~ Spy(Z)\Sp4(R)/U2(R)
and the formula states:
tr(nohf|H* (X,C)) = tr(hs1|H" (X1,C)).

But the right hand side is just the Euler characteristic of X, which is known to be
homeomorphic to P3(C) — P!(C), i.e. the Betti numbers are b;(X;) = 1 for i = 0,2 and
bi(X1) = 0 else. Thus the right hand side equals 2. The left hand side is the Lefschetz
number of the involution 7 acting on X. It is known [LeeS, Theorem 2] that H*(X,C) is
one dimensional for ¢ = 0, 3 and is zero for all other values of 7. The fact that the left hand
side also equals 2 is thus equivalent to the assertion that n acts by —1 on H3(X,C). Since
the antidiagonal matrix Jy lies in Ko, X Ky the involution  on X may be written in the
form: ng : A tA™L

By Poincaré duality (which holds for coefficient domains in characteristic 0, since X is a
quotient of a manifold by a finite group) we get isomorphisms H*(X,C) ~ Hg_;(X,0X,C),
where X denotes the Voronoi compactification of X and 0X = X — X the complement
(compare [LeeS]). Now Hg(X,0X,C) is generated by the relative fundamental class ¢ of
X, and 7y acts on it by —1, since the action on the tangent space sl4(R)/so4(R), which
may be identified with the space of real symmetric matrices, is minus the identity and
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since dim(X) = 9 is odd. A generator of Hg(X,dX,C) which is called o§ in the notation
of [LeeS, 3.2.] is easily seen to be the image of the relative fundamental class of the
locally symmetric space S = SL3(Z)\GL3(R)*/SO3(R) under the embedding of spaces,
which is induced from the embedding of groups ¢ : A — diag(A,det(A)~1). One checks
immediately that 79 acts by —1 on the 6-dimensional tangent space, so that Hg(X,0X, C)
is mo-invariant. Since Poincaré duality is induced by cap product with ¢ we deduce that ng

acts by —1 on H3(X,C). O

REFERENCES

Ar J. Arthur, The invariant trace formula II. Global theory, J. Amer. Math. Soc. 1 (1988),
501-554.

Bal J. Ballmann, Berechnung der Kottwitz—Shelstad—Transferfaktoren fir unverzweigte

Tori in nicht zusammenhdangenden reduktiven Gruppen, Dissertation, University of
Mannheim (2001),
http://bibserv7.bib.uni-mannheim.de /madoc/volltexte/2002/38/.

BWW J. Ballmann, R. Weissauer, U. Weselmann, Remarks on the fundamental lemma for
stable twisted Endoscopy of classical groups, Manuskripte der Forschergruppe Arith-
metik 7 (2002) Mannheim—Heidelberg.

BGS W. Ballmann, M. Gromov, V. Schroeder, Manifolds of nonpositive curvature, Progress
in Math. 61 (1985) Boston-Basel-Stuttgart.

Bew J. Bewersdorff, Fine Lefschetzsche Fizpunktformel fir Hecke-Operatoren, Bonner
Math. Schr. 164 (1985).

Bol A. Borel, Linear Algebraic groups, Graduate Texts in Mathematics 126 (1991).

BS A. Borel, J.P. Serre, Corners and arithmetic groups, Comm. Math. Helv. 73 (1973),
436—491.

Bovo M.V. Borovoi, Abelian Galois cohomology of reductive groups, Mem. Amer. Math.
Soc. 626 (1998).

Fl1 Y. F. Flicker, On the symmetric square. Unit elements, Pac. J. Math. 175 (1996),
507-526.

F12 Y. F. Flicker, Matching of orbital integrals on GL(4) and GSp(2), Mem. Amer. Math.
Soc. 137 (1999).

FI3 Y. F. Flicker, Automorphic forms and Shimura varieties of PGSp(2), World Scientific
(2005).

Fr J. Franke, Harmonic Analysis in weighted Lo-spaces, Ann. scient. Ecole Norm. Sup.
31 (1998), 181-279.

God R. Godement, Domaines fondamentaux des groupes arithmétiques Séminaire Bourbaki
1962/63, exp. 257.

GHM M. Goresky, G. Harder, R. MacPherson, Weighted cohomology, Invent. Math. 116
(1994), 139-213.

GKM1 M. Goresky, R. Kottwitz, R. MacPherson, Discrete series characters and the Lefschetz
formula for Hecke operators, Duke Math. J. 89 (1997), 477-554.

GKM2 M. Goresky, R. Kottwitz, R. MacPherson, Correction to ”Discrete series characters
and the Lefschetz formula for Hecke operators, Duke Math. J. 92 (1998), 665-666.

GM1 M. Goresky, R. MacPherson, Local contribution to the Lefschetz fixed point formula

Invent. Math. 711 (1993), 1-33.

59



GM2

GM3
GT
Hall
Hal2
Harl
Har2
Har3
Hel
Hum
Kos
Kol

Ko2
KoS

KuS
LeeS
Leu
Ngo
Osh

Roh

RoSp
Sans

She

UwWE WESELMANN

M. Goresky, R. MacPherson, Lefschetz numbers of Hecke correspondences, In: Lang-
lands, Ramakrishnan (eds.) The zeta functions of Picard modular surfaces (1992),
465-478.

M. Goresky, R. MacPherson, The topological trace formula, J. reine angew. Math.
560(2003), 77-150.

M. Goresky, Y.-S. Tai, Toroidal and reductive Borel-Serre compactifications of locally
symmetric spaces Am. J. Math. 121 (1999), 1095-1151.

Th. Hales, On the fundamental lemma for standard endoscopy: reduction to the unit
element, Can. J. Math. 47 (1995), 974-994.

Th. Hales, The twisted endoscopy of GL(4) and GL(5): transfer of Shalika germs,
Duke Math. J. 76 (1994), 595 632

G. Harder, A Gauss-Bonnet formula for discrete arithmetically defined groups Ann.
Sci. Ec. Norm. Sup. IV. Ser, 4 (1971), 409-455.

G. Harder, Fisensteinkohomologie und die Konstruktion gemischter Motive, Springer
Lecture Notes in Math. 1562 Berlin (1993).

G. Harder, Five notes on the topological trace formula and its applications, unpub-
lished manuscript, Bonn (1995).

Helgasson, Differential geometry and symmetric spaces, Pure and Applied Math. 12,
Academic Press (1962).

J. E. Humphreys Introduction to Lie Algebras and Representation Theory, Grad. Texts
in Math. 9, New York (1972).

B. Kostant, Lie Algebra Cohomology and the generalized Borel-Weil Theorem, Annals
of Math. 74 (1961), 329-387.

R. Kottwitz, Sign changes in harmonic analysis on reductive groups, Trans. Am.
Math. Soc. 278 (1983), 289-297.

R. Kottwitz, Tamagawa numbers, Ann. of Math. 127 (1988), 629-646.

R. Kottwitz and D. Shelstad, Foundations of twisted endoscopy, Astérisque 255
(1999).

M. Kuga and J.H. Sampson, A coincidence formula for locally symmetric spaces Amer.
J. Math. 94 (1972), 486-500.

R. Lee and R.H. Szczarba, On the torsion in K4(Z) and K5(Z), Duke Math. J. 45
(1978), 101-129.

E. Leuzinger, On the Gauss-Bonnet formula for locally symmetric spaces of noncom-
pact type Enseign. Math., II. Sér. 42 (1996), 201-214.

Ngo6 Bao Chau, Le lemme Fondamental pour les Algébres de Lie, Publ. Math. IHES
111 (2010), 1-271.

T. Oshima, A realization of Riemannian symmetric spaces, J. Math. Soc. Japan 30
(1978), 117-132.

J. Rohlfs, Lefschetz Numbers for Arithmetic Groups In: Cohomology of arithmetic
groups and automorphic forms, Proc. Conf., Luminy/Fr. 1989, Lect. Notes Math.
1447, 303-313 (1990).

J. Rohlfs, B. Speh, Lefschetz numbers and twisted stabilized orbital integrals, Math.
Ann. 296 (1993), 191-214.

J.-J. Sansuc, Groupe de Brauer et arithmétique des groupes algébriques linéaires sur
un corps de nombres, J. Reine Angew. Math. 327 (1981), 12-80.

D. Shelstad, Characters and inner forms of a quasi-split group over R, Comp. Math.
39 (1979), 11-45.

60



A TWISTED TOPOLOGICAL TRACE FORMULA FOR HECKE OPERATORS...

St R. Steinberg, Endomorphisms of algebraic groups, Mem. Amer. Math. Soc. 80 (1968).

Wal J.-L. Waldspurger, Le lemme fondamental implique le transfert Compos. Math. 105
(1997) 153-236.

Wa2 J.-L. Waldspurger, Endoscopie et changement de caractéristique J. Inst. Math. Jussieu
5 No. 3 (2006), 423-525.

Wa3 J.-L. Waldspurger, L’endoscopie tordue n’est pas si tordue. Mem. Am. Math. Soc.
908 (2008).

W1 R. Weissauer, Endoscopy for GSp(4) and the Cohomology of Siegel Modular Three-
folds, Lecture Notes in Mathematics 1968, Berlin Heidelberg (2009).

W2 R. Weissauer, A remark on the existence of Whittaker models for L-packets of au-

tomorphic representations of GSp(4), In: Edixhoven, Bas et al.: Modular forms on
Schiermonnikoog. Based on the conference on modular forms, Schiermonnikoog,
Netherlands, October 2006. Cambridge University Press. 285-310 (2008).

W3 R. Weissauer, Spectral approximation of twisted local k-orbital integrals, Preprint
(2006)

Wen R. Wendt, Weyl’s Character Formula for Non-connected Lie Groups and Orbital The-
ory for Twisted Affine Lie Algebras, Journal of Functional Analyis 180 (2001), 31 —
65.

Wes U. Weselmann, Applications of a topological trace formula, in preparation

Uwe Weselmann weselman@mathi.uni-heidelberg.de
Mathematisches Institut, Im Neuenheimer Feld 288, D-69121 Heidelberg

61



